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第 6 章では、第 5 章での拡張モデルに人口成長率を組み込むことを試みる。そして、人
口成長率を考慮したモデルを用いて、2050 年までの中国経済を予測する。実証結果によれ
ば、2026年に、中国の経済規模はアメリカを追い越し、また、2050年にアメリカの経済規
模の約 2 倍となるという結論が得られた。一方、シミュレーション分析の結果からは 2050
年においても、中国の 1 人あたり GDP はアメリカの約半分にとどまるという予測結果も示
す。なお、本章は World Review of Political Economy 9(4)に掲載された論文を修正したもので
ある。 




国経済における総資本と総労働の 2 部門間への配分率を計算する。なお、第 7 章は『北東
アジア地域研究』の第 25号に掲載された柳東民氏との共著論文を修正したものである。 
各章におけるモデルの改良点をまとめると表 0-1の通りである。 




第 3章モデル なし なし なし 
第 4章モデル なし あり あり 
第 5章モデル あり なし なし 
第 6章モデル あり あり なし 











本財から成る 2 部門経済成長モデルを実証に応用する場合は、同時に消費財と資本財の 2
部門に分類されたデータの構築が必要となる。他方、高度成長期が終焉を迎え中成長に入
っている中国経済において、消費財生産部門と資本財生産部門の不均衡問題を研究する際










































                                                     
2 Durlauf and Blume (2008) p.569. 






























                                                     
4 Orzech and Groll (1983) p.529. 
5 杉谷(1997）p.26. 
6 呉(2011) p.197. 
7 Wood (1988) pp.165,172. 
8 ここでの再生産表式論の表現は小幡(2009)及び大西(2012,2015）にならった。拡大再生産表式の場合も
同じである。 
9 Durlauf and Blume (2008) p.569. 
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𝑊1𝑡 = 𝐶1𝑡 + 𝑉1𝑡 + 𝑀1𝑡 ⋯ ⋯ ⋯ (1) 
𝑊2𝑡 = 𝐶2𝑡 + 𝑉2𝑡 + 𝑀2𝑡 ⋯ ⋯ ⋯ (2) 
これは社会全体における生産部門を資本財生産部門と消費財生産部門に分け、𝑖 = 1,2 で






𝐶2𝑡 = 𝑉1𝑡 + 𝑀1𝑡 ⋯ ⋯ ⋯ (3) 
という式を満たさなければならない。2部門間に以上のような関係が成立することで、単純






Ⅰ 4000C1 + 1000V1 + 1000𝑀1 = 6000𝑊1 ⋯ ⋯ ⋯ (4) 
Ⅱ 2000C1 + 500V1 + 500𝑀1 = 3000𝑊1 ⋯ ⋯ ⋯ (5) 
 さらに、(3)式を(1)式に代入すると、 
𝑊1𝑡 = 𝐶1𝑡 + 𝐶2𝑡 ⋯ ⋯ ⋯ (6) 
となる。第 1 部門により生産されたすべての資本財の価値は、第１部門と第 2 部門の不変
資本と等しくなることを表す。 
 同様に、(3)式を(2)式に代入すれば、 
𝑊2𝑡 = (𝑉1𝑡 + 𝑀1𝑡) + (𝑉2𝑡 + 𝑀2𝑡) ⋯ ⋯ ⋯ (7) 







𝑉1𝑡 + 𝑀1𝑡+𝑉2𝑡 + 𝑀2𝑡
⋯ ⋯ ⋯ (8) 
となる。 









マルクスは『資本論』で、資本主義における商品生産、流通、購買の過程を「𝐺 → 𝑊 → 𝐺′」
と表した。その過程では、通常の商品交換と異なり、「貨幣―商品―貨幣＋𝛼」という流れ
によって、資本家が所有する貨幣が増加する。資本家はこの過程を繰り返し、「𝐺 → 𝑊 →




𝑊1𝑡 = 𝐶1𝑡 + 𝑉1𝑡 + 𝑀1𝑡(𝑚) + 𝑀1𝑡(𝑣) + 𝑀1𝑡(𝑘) ⋯ ⋯ ⋯ (9) 
𝑊2𝑡 = 𝐶2𝑡 + 𝑉2𝑡 + 𝑀2𝑡(𝑚) + 𝑀2𝑡(𝑣) + 𝑀2𝑡(𝑘) ⋯ ⋯ ⋯ (10) 
 ここで、2部門の剰余価値𝑀1𝑡、𝑀2𝑡 のうち、𝑀1𝑡(𝑘)と𝑀2𝑡(𝑘)は資本家の私的消費にあてら
れる部分を表し、𝑀1𝑡(𝑚) + 𝑀1𝑡(𝑣)と𝑀2𝑡(𝑚) + 𝑀2𝑡(𝑣)は不変資本と可変資本に新たに投入され
る部分を表す。∆𝐶𝑖𝑡、∆𝑉𝑖𝑡、𝛼𝑖を、各部門に追加される不変資本、可変資本及び蓄積率と定
義すれば, 
𝛼1𝑀1𝑡 = ∆𝑉1𝑡 + ∆𝐶1𝑡 ⋯ ⋯ ⋯ (11) 
𝛼2𝑀2𝑡 = ∆𝑉2𝑡 + ∆𝐶2𝑡 ⋯ ⋯ ⋯ (12) 
(1 − 𝛼1)𝑀1𝑡 = 𝑀1𝑡(𝑘) ⋯ ⋯ ⋯ (13) 
(1 − 𝛼2)𝑀2𝑡 = 𝑀2𝑡(𝑘) ⋯ ⋯ ⋯ (14) 
であるから、(9)、(10)式は、 
𝑊1𝑡 = 𝐶1𝑡 + 𝑉1𝑡 + (1 − 𝛼1)𝑀1𝑡 + ∆𝑉1𝑡 + ∆𝐶1𝑡 ⋯ ⋯ ⋯ (15) 
𝑊2𝑡 = 𝐶2𝑡 + 𝑉2𝑡 + (1 − 𝛼2)𝑀2𝑡 + ∆𝑉2𝑡 + ∆𝐶2𝑡 ⋯ ⋯ ⋯ (16) 
と書き換えることができる。 
新たな∆𝐶1𝑡、∆𝐶2𝑡は、さらに第１部門によって追加生産され、∆𝑉1𝑡、∆𝑉2𝑡、(1 − 𝛼1)𝑀1𝑡、
(1 − 𝛼2)𝑀2𝑡は第 2部門から供給されなければならないので、 
(1 − 𝛼1)𝑀1𝑡 + 𝑉1𝑡 + 𝐶1𝑡 = 𝐶1𝑡 + ∆𝐶1𝑡 + ∆𝐶2𝑡+𝐶2𝑡 ⋯ ⋯ ⋯ (17) 
(1 − 𝛼2)𝑀2𝑡 + 𝑉2𝑡 + 𝐶2𝑡+∆𝐶2𝑡 + ∆𝑉2𝑡




(1 − 𝛼1)𝑀1𝑡 + 𝑉1𝑡 + ∆𝑉1𝑡 = ∆𝐶2𝑡 + 𝐶2𝑡 ⋯ ⋯ ⋯ (19) 
𝐶2𝑡+∆𝐶2𝑡 = 𝑉1𝑡 + ∆𝑉1𝑡 + (1 − 𝛼1)𝑀1𝑡 ⋯ ⋯ ⋯ (20) 
さらに、 
𝐶2𝑡+∆𝐶2𝑡+𝐶1𝑡+∆𝐶1𝑡 = 𝑊1𝑡 ⋯ ⋯ ⋯ (21) 
となることから、資本財生産部門により供給される資本財は、両部門の拡大再生産に必要
な資本財の需要量と等しくなることがわかる。 
なお、∆𝐶2𝑡 = ∆𝐶1𝑡 = 0ならば、単純再生産の場合と同じく、(6)式が成り立っている 
同じく(16)、(20)式から、 
𝑉2𝑡+∆𝑉2𝑡+𝑉1𝑡+∆𝑉1𝑡 + (1 − 𝛼1)𝑀1𝑡 + (1 − 𝛼2)𝑀2𝑡 = 𝑊2𝑡 ⋯ ⋯ ⋯ (22) 
が得られる。さらに、これらによって、 
𝑉1𝑡+∆𝑉1𝑡 + (1 − 𝛼1)𝑀1𝑡 = 𝐶2𝑡+∆𝑉2𝑡 ⋯ ⋯ ⋯ (23) 
が成り立つ。同様に、∆𝑉2𝑡 = ∆𝑉1𝑡 = 0、𝛼1 = 𝛼2 = 0であれば、単純再生産の場合に導いた
(3)式が成立する。 
ただし、拡大再生産における∆𝑉2𝑡、∆𝑉1𝑡、∆𝐶1𝑡、∆𝐶2𝑡は、いずれもゼロより大きいため、
𝐶2𝑡 > 𝑉1𝑡 + 𝑀1𝑡となる。 
また、拡大再生産の場合における部門間の価値の比率は、 
𝐶1𝑡 + 𝐶2𝑡+∆𝐶1𝑡+∆𝐶2𝑡
𝑉1𝑡 + +∆𝑉1𝑡 + (1 − 𝛼1)𝑀1𝑡+𝑉2𝑡+∆𝑉2𝑡 + (1 − 𝛼2)𝑀2𝑡





Ⅰ4000𝐶1 + 1000𝑉1 + 1000𝑀1 = 6000𝑊1 ⋯ ⋯ ⋯ (25) 
Ⅱ1500𝐶2 + 750𝑉2 + 750𝑀2 = 3000𝑊2 ⋯ ⋯ ⋯ (26) 
(25)式では、資本の有機的構成が一定の下、資本財生産部門における剰余価値(1000𝑀1)
のうちの 500𝑀1を新規投資として、不変資本に400𝐶1、可変資本に100𝑉1を回せば、 
















Ⅰ4000𝐶1 + 400𝐶1 + 440𝐶1 + 1000𝑉1 + 100𝑉1 + 110𝑉1 + 1100𝑀1 + 110𝑀1
= 7260𝑊1 ⋯ ⋯ ⋯ (25)
′′′ 


















𝑘𝑖𝑡 = 𝐶𝑖𝑡 𝑉𝑖𝑡⁄    (𝑖 = 1,2) ⋯ ⋯ ⋯ (27) 
で表される。これは、資本財の量と、それを動かすのに必要な労働力の量との関係を反映
したものである。そして、剰余価値率(𝑒𝑖𝑡)は剰余価値と可変価値の比率、すなわち 






      (𝑖 = 1,2) ⋯ ⋯ ⋯ (29) 
で表す。 
                                                     









𝑎𝑖𝑚𝑖𝑡(𝐶𝑖𝑡 + 𝑉𝑖𝑡) = ∆𝐶𝑖𝑡 + ∆𝑉𝑖𝑡 ⋯ ⋯ ⋯ (31) 
が成立する。さらに、(27)式から、 
𝐶𝑖𝑡 = 𝑉𝑖𝑡𝑘𝑖𝑡 ⋯ ⋯ ⋯ (32) 
が得られ、それを(31)式に代入すると、 
𝑎𝑖𝑚𝑖𝑡𝑉𝑖𝑡(1 + 𝑘𝑖𝑡) = ∆𝐶𝑖𝑡 + ∆𝑉𝑖𝑡 ⋯ ⋯ ⋯ (33) 
となる。 
これを書き換えると、 








































(2)  再生産表式論における初めての数理展開 
1920 年代にソ連のマルクス経済学者は、独自に社会再生産表式論の数理展開を行った。





















⋯ ⋯ ⋯ (37) 
が得られる。また、𝐼2 = (1 − 𝑟)𝐼であるため、 


















⋯ ⋯ ⋯ (39) 


























⋯ ⋯ ⋯ (41) 










− 1) ⋯ ⋯ ⋯ (42) 















(1)  近代経済学の成長理論の発展 
























































= 𝑠 = 𝐺𝐶 ⋯ ⋯ ⋯ (46) 
となる。そして、自然成長率𝐺𝑛を定義し、これは人口の増加と技術進歩によって可能とな
る成長率であるから、 









⋯ ⋯ ⋯ (48) 
となる。 
また、𝐼𝑟は貯蓄に等しいため、 
𝐶𝑟𝐺𝑤 = 𝑠 ⋯ ⋯ ⋯ (49) 
となる。 
さらに、均衡成長であれば、𝐺𝑤 = 𝐺𝑛が成立しなければならないので、 
𝑠
𝐶𝑟














現実の経済成長率と保証成長率の関係については、𝐺 > 𝐺𝑤であれば、𝐺𝐶 = 𝑠 = 𝐺𝑤𝐺𝑟が成
立するため、𝐶 < 𝐺𝑟となる。すなわち、投資が不足となり、資本ストックは増加する。その
















見合うだけの投資を計画する。なお、投資の 2 重性は考慮しない。これにより、𝐺 = 𝐺𝑤の
成立を前提とするのである。 
 ソロー＝スワンモデルは次のように表現できる。 
𝐼 = ?̇? = 𝑠𝑌 ⋯ ⋯ ⋯ (52) 
𝑌 = 𝐹(𝐾, 𝐴𝐿) ⋯ ⋯ ⋯ (53) 
 ここで、𝐴𝐿は効率労働である。生産関数は規模に関して収穫一定という性質を持ち、一
次同次である。すなわち、 
𝜆𝐹(𝐾, 𝐴𝐿) = 𝐹(𝜆𝐾, 𝜆𝐴𝐿)  𝜆 > 0 ⋯ ⋯ ⋯ (54) 
である。また、労働人口は 
𝐿𝑡 = 𝐿0𝑒




𝐼 = ?̇? = 𝑠𝑌 = 𝑠𝐹(𝐾, 𝐴𝐿) ⋯ ⋯ ⋯ (56) 
が成立し、これはハロッド＝ドーマーモデルでの、 





















































?̇? = 𝑠𝑓(𝑘) − (𝛼 + 𝑛)𝑘 ⋯ ⋯ ⋯ (62) 
となる。 




















具体的には、ソロー＝スワンモデルでの、𝐼 = ?̇? = 𝑠𝑌を、 










s. t.   
 ?̇? = 𝑓(𝑘) − 𝑛𝑘 − 𝑐, 


















[𝑓′(𝑘) − 𝑛 − 𝜌] ⋯ ⋯ ⋯ (66) 
                                                     































s. t.    
 ?̇? = 𝑓(𝑥, 𝑛) − 𝑖 − 𝑐 
 ?̇? = 𝑔(𝑖, 𝑛) 
                              𝑥 ≥ 0, 𝑛 ≥ 0                            ⋯ ⋯ ⋯ (67)  
である。ここで、𝑥は労働や、物的資本知識以外のあらゆる生産要素の量、𝑛は知識の量、𝑖は
知識の生産に投入される消費財の量を表す。その他の設定は、新古典派成長モデルと一致
                                                     















 ?̇? = 𝑓(𝑘, 𝑣ℎ) − 𝑖 − 𝑐 
 ℎ̇ = ℎ𝛿(1 − 𝑣) 






















                                                     



































労働価値説 なし 効用価値説 



























































                                                     















= 𝑤 ⋯ ⋯ ⋯ (71) 
𝐾1 + 𝐾2 = 𝐾 ⋯ ⋯ ⋯ (72) 
 𝐿1 + 𝐿2 = 𝐿 ⋯ ⋯ ⋯ (73) 
𝑃1𝑌1 = 𝑟𝐾 ⋯ ⋯ ⋯ (74) 



























s. t.                         
           Y2 = 𝐹2(𝐾2, L2) 
          Y1 = 𝐹1(𝐾1, L1) 
      ?̇? = 𝑌1 − 𝛿𝐾 
     𝐾 = 𝐾1 + 𝐾1 
     𝐿 = 𝐿2 + 𝐿2 






このように、通常の宇沢型 2 部門成長モデルは、大きく区別すれば Uzawa(1961)と
Uzawa(1963,1964)の 2 種類に分類される。また、Uzawa(1961)はマルクス的なモデルと認識




















































































































































                                                     
18 習(2014） 
19 習(2015） 
























𝑊1 = 𝐶1 + 𝑉1 + 𝑀1 ⋯ ⋯ ⋯ (1) 
𝑊2 = 𝐶2 + 𝑉2 + 𝑀2 ⋯ ⋯ ⋯ (2) 
ここで、𝑟𝑖は剰余価値率で、2部門の剰余価値率が同じであると仮定すると、 
𝑟1 = 𝑟2 = 𝑟 ⋯ ⋯ ⋯ (3) 
が成立する。また、1 つの生産周期において、可変資本の転換回数は 1回で、前払い不変資
本cの転換回数は𝛼回であると仮定すれば、 













𝑊1 = 𝑉1(1 + 𝛼1𝛽1 + 𝑟) ⋯ ⋯ ⋯ (6) 
𝑊2 = 𝑉2(1 + 𝛼2𝛽2 + 𝑟) ⋯ ⋯ ⋯ (7) 
また、拡大再生産の実現条件Ι (𝑉 + ∆𝑉 +
𝑀
𝑋




















= 𝑀1 − 𝑉1
′ − 𝑐1
′ ⋯ ⋯ ⋯ (10) 
が成立する。そして、それらを拡大再生産の実現条件に代入して、また(6)、(7)式に基づ
いて整理すると、 
𝑉1(1 + 𝑟 − 𝛽1
′) − 𝛽1𝑉1
′ = 𝑉2(𝛼2𝛽2 + 𝛽2
′ ) + 𝛽1𝑉1





⋯ ⋯ ⋯ (12) 
を定義し、これを新たに剰余価値蓄積率として導入する。 
さらに、𝑀𝑥 = 𝐶













(1 + 𝛼1𝛽1 + 𝛾)(1 + 𝛽1)𝛽2
(1 + 𝛼2𝛽2 + 𝛾)(1 + 𝛽2)𝛽1

























                                                     


































                                                     













I (𝐶𝑡 + 𝑉𝑡 + 𝑀𝑡) = I (𝐶𝑡 + 𝛥𝐶) + II (𝐶𝑡 + 𝛥𝐶) 
である。一方、消費財市場における供給と需要の均衡式は、 
II (𝐶𝑡 + 𝑉𝑡 + 𝑀𝑡) = I (𝐶𝑡 + 𝛥𝑉 +
𝑀
𝑋







𝑢(𝑆, 𝐵) = ln 𝑆 + 𝛽 ln 𝐵 ⋯ ⋯ ⋯ (15) 
パラメーター𝛽は資本主義の精神度と定義された。また、消費財資本財部門及び消費財生
産部門における不変資本の総額𝐶𝑡は、 
𝐶𝑡 = 𝐶1𝑡 + 𝐶2𝑡 ⋯ ⋯ ⋯ (16) 
となる。総可変資本𝑉𝑡は、 
𝑉𝑡 = 𝑉1𝑡 + 𝑉2𝑡 ⋯ ⋯ ⋯ (17) 
である。2部門における資本の有機構成、𝑘𝑖 = 𝐶𝑖𝑡/𝑉𝑖𝑡が一定であると仮定し、経済成長にお
ける技術進歩を考慮していない。ここで、𝑖 = 1,2は消費財生産部門と資本財生産部門を表す。
加えて、2部門における剰余価値率も等しく、𝑒 = 𝑀𝑖𝑡/𝑉𝑖𝑡であると仮定する。 
こうして拡大再生産の実現条件の動学方程式は、 
𝐶2𝑡 + 𝑉2𝑡 + 𝑀2𝑡 = I (𝑉 +
𝑀
𝑋
) + II (𝑉 +
𝑀
𝑋
) + II 𝛥𝑉 + I 𝛥𝑉 ⋯ ⋯ ⋯ (18) 
である。ここで、(18)式は、𝑒、𝑘𝑖を用いて、 




) + II (𝑉 +
𝑀
𝑋
) = 𝑆𝑡 ⋯ ⋯ ⋯ (20) 
Ι 𝛥𝑉 + Π 𝛥𝑉 = ?̇?𝑡 ⋯ ⋯ ⋯ (21) 
と書き換える。 𝜑 = 𝑉1/𝑉2も一定であるとすれば、 



























) ⋯ ⋯ ⋯ (26) 
となる。こうして、社会計画者モデルの構造は以下のようになる。簡略化のため、各時間
変数の𝑡を省略して記す。 




s. t.      
     ?̇? = 𝜙1𝐶 − 𝜙2𝑆 
     𝐵 = 𝐶 + 𝑉 












+ 𝜙1 − 𝜌 ⋯ ⋯ ⋯ (28) 
?̇?
𝐶
= 𝜙1 − 𝜙2
𝑆
𝐶
⋯ ⋯ ⋯ (29) 
経済体制における内生的成長が存在するか否かにより、さらに 2 つのケースに分けて説
明する。 




















⋯ ⋯ ⋯ (31) 









⋯ ⋯ ⋯ (32) 










































































表 2-1 非競争輸出型産業連関表 
 中間投入 最終需要 総生産 








































































𝑚) … … … (36) 








− 𝐶𝛱 ⋯ ⋯ ⋯ (37) 








⋯ ⋯ ⋯ (38) 
𝑉𝛪 = ∑ 𝑣𝑗
𝑛
𝑗=1
− 𝑉𝛱 ⋯ ⋯ ⋯ (39) 








⋯ ⋯ ⋯ (40) 
𝑀𝛪 = ∑ 𝑚𝑗
𝑛
𝑗=1






⋯ ⋯ ⋯ (42) 
𝑊𝛪 = ∑ 𝑤𝑖
𝑛
𝑖=1

















































































































                                                     
24 杉本(1981) p.6. 
















𝐼 = 𝐵(1 − 𝑠)𝐿 ⋯ ⋯ ⋯ (1) 
𝐾
•
+ 𝛿𝐾 = 𝐼 ⋯ ⋯ ⋯ (2) 
消費財生産部門： 













































                                                     
27 大西(2014) p.27(443) 
43 
 
max 𝑈 = ∫ 𝑒−𝜌𝑡
∞
0
log 𝑌 𝑑𝑡 
               s. t. 
𝐼 = 𝐵(1 − 𝑠)𝐿 
𝑌 = 𝐴𝐾𝛼(𝑠𝐿)𝛽 
                         𝐾
•
+ 𝛿𝐾 = 𝐼                  ⋯ ⋯ ⋯ (6) 
と表され、経常価値ハミルトニアン𝐻𝑐は、 
𝐻𝑐 ≡ 𝑙𝑜𝑔 𝑌 + 𝜇[𝐵(1 − 𝑠)𝐿 − 𝛿𝐾] 






⇒    
𝛽
𝑠
− 𝜇𝐵𝐿 = 0 ⋯ ⋯ ⋯ (8) 
∂𝐻𝑐
∂𝐾
= 𝜌𝜇 − ?̇? 
⇒     
𝛼
𝐾
























𝑠 − (𝜌 + 𝛿)} ⋯ ⋯ ⋯ (12) 
𝐾
•














(𝛼 + 𝛽)𝛿 + 𝛽𝜌
⋯ ⋯ ⋯ (13) 
𝑠∗ =
𝛽(𝛿 + 𝜌)
(𝛼 + 𝛽)𝛿 + 𝛽𝜌










図 3-2 𝑠、𝐾に関する移行動学 
 





























労働投入はそれぞれ𝐿1 = 𝑠𝐿、𝐿2 = (1 − 𝑠)𝐿で表す。すると、家計の直面する問題は、次の
ような予算制約のもとでの効用最大化問題として定式化することができる。 




                                               s. t. 




𝛼(𝑡) 𝑒− ∫ 𝑟
′𝑡
0 (𝑡)𝑑𝑡 ≥ 0 ⋯ ⋯ ⋯ (16) 
代表的家計は効用を最大化するような𝛼、𝑌、𝑠の経路を選択することになる。 
この問題のハミルトニアン𝐻ℎは以下の通りである。 
𝐻ℎ = 𝑙𝑜𝑔 𝑌 ⋅ 𝑒













































































⇒    𝛽𝐴𝐾𝛼𝐿2
𝛽−1




⇒    𝛼𝐴𝐾𝛼−1𝐿2
𝛽





= 𝑟𝐾 + 𝑤2𝐿2 ⋯ ⋯ ⋯ (24) 
𝑤 = 𝛽𝐴𝐾𝛼𝐿2
𝛽−1








⋯ ⋯ ⋯ (26) 




𝑌 = 𝑟𝐾 + 𝑤2𝐿2 
                                                     































⇒     𝑎
•
= 𝑟′𝑎 + 𝑤𝐿 − 𝑌 = 𝑝𝐵𝐿1 − 𝛿𝑝𝐾 + 𝑝
•
𝐾 ⋯ ⋯ ⋯ (28) 
(27)式は以下のように変形できる。 























⋯ ⋯ ⋯ (31) 












𝑊1𝑡 = 𝐶1𝑡 + 𝑉1𝑡 + 𝑀1𝑡 ⋯ ⋯ ⋯ (32) 












𝑊1𝑡 = 𝐶1𝑡 + 𝑉1𝑡 + 𝑀1𝑡      𝛿𝐾
∗ = 0 + 𝐵(1 − 𝑠∗)𝐿 ⋯ ⋯ ⋯ (34) 
𝑊2𝑡 = 𝐶2𝑡 + 𝑉2𝑡 + 𝑀2𝑡       𝑌 = 𝐴(𝐾
∗)𝛼(𝑠∗𝐿)𝛽 ⋯ ⋯ ⋯ (35)  
 さらに、消費財生産部門にどれだけの労働が投入されているかをより直接的に示すため
に、𝐾∗、𝑠∗を、𝐿を用いて表現すると以下のようになる。 
𝑊1𝑡 = 𝐶1𝑡 + 𝑉1𝑡 + 𝑀1𝑡   𝛿𝐾
∗ = 0 + 𝐵 (
𝛿𝛼
(𝛼 + 𝛽)𝛿 + 𝛽𝜌
) 𝐿 ⋯ ⋯ ⋯ (36) 
𝑊2𝑡 = 𝐶2𝑡 + 𝑉2𝑡 + 𝑀2𝑡  𝑌 = 𝐴 (
𝐵𝛼𝐿





(𝛼 + 𝛽)𝛿 + 𝛽𝜌
) 𝐿)
𝛽




表 3-1 「マルクス派最適成長モデル」と「単純再生産表式」との対照 









(𝛼 + 𝛽)𝛿 + 𝛽𝜌
) 𝐿 (1 −
𝛿𝛼
(𝛼 + 𝛽)𝛿 + 𝛽𝜌
) 𝐿 




(𝛼 + 𝛽)𝛿 + 𝛽𝜌
) 𝐿) = (𝑉1𝑡 + 𝑀1𝑡) ((
𝛿𝛼
(𝛼 + 𝛽)𝛿 + 𝛽𝜌
) 𝐿) ⋯ ⋯ ⋯ (38) 
も確認できる。 
 また、消費財生産部門において、 











𝑊1𝑡 = 𝐶1𝑡 + 𝑉1𝑡 + 𝑀1𝑡(𝑚) + 𝑀1𝑡(𝑣) + 𝑀1𝑡(𝑘) ⋯ ⋯ ⋯ (40) 











𝑡1(?̇? + 𝛿𝐾) = (1 − 𝑠)𝐿 ⋯ ⋯ ⋯ (42) 

























−𝛼) ⋯ ⋯ ⋯ (45)     
となり、経済成長経路における各部門への労働投下量＝価値を、再生産表式の形式に書き
換えると、表 3-2のようにまとめられる。 
表 3-2 「マルクス派最適成長モデル」と「拡大再生産表式」との対照 
 C 𝑉 𝑀 計 
資本財生産部門 0 (1 − 𝑠)𝐿 0 (1 − 𝑠)𝐿 
消費財生産部門 𝛿𝐾
𝐵
 𝛽𝑌 = 𝛽 (
𝛿𝐾
𝐵












+ (1 − 𝑠 + 𝛽𝑠)𝐿 𝑠𝐿 − 𝛽 (
𝛿𝐾
𝐵






(𝑉1𝑡 + 𝑀1𝑡) − 𝐶2𝑡 = (1 − 𝑠)𝐿 − (
𝛿𝐾
𝐵




























(𝛼 + 𝛽)𝛿 + 𝛽𝜌
 




(𝛼 + 𝛽)𝛿 + 𝛽𝜌
− 𝛽) 𝐿 
𝐿 
計 𝛿𝛼𝐿
(𝛼 + 𝛽)𝛿 + 𝛽𝜌
 (
𝛿𝛼
(𝛼 + 𝛽)𝛿 + 𝛽𝜌
+ 𝛽) 𝐿 
(
𝛽(𝛿 + 𝜌)
(𝛼 + 𝛽)𝛿 + 𝛽𝜌
− 𝛽) 𝐿 
(
𝛿𝛼




 さらに、このような定常値に至るまでの成長経路における C、V、M の変動は図 3-3 と同
じ形式で表現でき、図 3-4が示す通りとなる。 



































































































































































































                                                     
30 Uzawa(1964)の論文では、物財・価格次元でモデルを表現している。ただし、宇沢型 2部門経済成長モデ
ルはマルクス派最適成長モデルのように、価値次元で表現できる。 
















































































図 3-7 先発国家と後発国家の目標値が同じ場合の成長経路 










図 3-8 目標値の高い先発国家と低い後発国家の場合の成長経路 
 
出所：大西(2012,2015) p.161 
図 3-9 目標値の低い先発国家と高い後発国家の場合の成長経路 
















図 3-10 先富集団と後富集団の成長経路と格差 




























―中国経済を対象とする Mathematica による数値解法の提案     
 









































= 𝑛 ≥ 0で成長するものとする。初期時点
における個人の数を𝐿0とすると、𝑡期における人口𝐿𝑡は： 
𝐿𝑡 = 𝐿0𝑒





𝛽, (𝛼 + 𝛽 = 1) ⋯ ⋯ ⋯ (2) 
資本財生産部門 
𝐼𝑡 = 𝐵(1 − 𝑠𝑡)𝐿𝑡 ⋯ ⋯ ⋯ (3) 
資本蓄積方程式 







𝑦 = 𝐴(𝑘)𝛼(𝑠)𝛽     ( 𝑦 ≡  
𝑌
𝐿
 , 𝑘 ≡
𝐾
𝐿
) ⋯ ⋯ ⋯ (5) 
資本蓄積方程式は 
?̇? = 𝐵(1 − 𝑠) − 𝛿𝑘 − 𝑛𝑘 ⋯ ⋯ ⋯ (6) 
となり、１人当たりの生産量𝑦と資本𝑘によって生産関数を表せる。 




max 𝑢 = ∫ 𝑒−𝜌𝑡
∞
0
log 𝑦 𝑑𝑡 
s. t. 
y = 𝐴k𝛼𝑠𝛽 
?̇? = 𝐵(1 − 𝑠) − 𝛿𝑘 − 𝑛𝑘 
       given  𝑘0 
Transversality Condition lim
t→∞
𝑒−𝜌𝑡 𝜇𝑘 = 0 ⋯ ⋯ ⋯ (7)   
すると、代表的個人の効用最大化問題を解くための経常価値ハミルトニアン𝐻𝑐は以下の
ようになる。すなわち、 














) ⋯ ⋯ ⋯ (9) 
𝜕𝐻𝑐
𝜕𝑘
= 𝜌𝜇 − ?̇? 
⇒     
𝛼
𝑘














⇒       ?̇? = {(
𝛼𝐵
𝑘𝛽
) 𝑠 − (𝜌 + 𝑛 + 𝛿)} 𝑠 ⋯ ⋯ ⋯ (12) 
を得る。 
?̇? = 0 
⇒     𝑠 =
(𝜌 + 𝑛 + 𝛿)𝑘𝛽
𝛼𝐵
⋯ ⋯ ⋯ (13) 
?̇? = 0 
⇒     𝑘 =
𝐵(1 − 𝑠)
(𝑛 + 𝛿)
⋯ ⋯ ⋯ (14) 





(𝜌 + 𝑛 + 𝛿)𝛽
𝛼(𝑛 + 𝛿) + (𝜌 + 𝑛 + 𝛿)𝛽
⋯ ⋯ ⋯ (15) 
𝑘∗ =
𝐵𝛼
𝛼(𝑛 + 𝛿) + (𝜌 + 𝑛 + 𝛿)𝛽
 ⋯ ⋯ ⋯ (16) 




となる。このような数値解を計算するために、本章では Mulligan and sala-i-Martin(1991)
が提唱され、西岡(1995)が Mathematica によるアプローチを用いた Time-Elimination 
Methodを用いる32。 















𝑘𝛽] 𝑠(𝑡) − (𝜌 + 𝑛 + 𝛿)}
𝐵(1 − 𝑠(𝑡)) − 𝛿𝑘(𝑡) − 𝑛𝑘(𝑡)
⋯ ⋯ ⋯ (18) 










⇒      𝑠′(𝑘∗) =
𝑠∗ [
𝐵𝛼




−𝐵𝑠′(𝑘∗) − 𝑛 − 𝛿
⋯ ⋯ ⋯ (19) 
が得られる。 (19)式を整理すると、 








= 0 ⋯ ⋯ ⋯ (20) 
となる。 












−(𝑛 + 𝛿 +
𝐵𝛼𝑠∗
(1 − 𝛼)𝑘∗















−(𝜌 + 2𝛿 + 2𝑛) + √(𝜌 + 2𝛿 + 2𝑛)2 +
4(𝜌 + 2𝛿 + 2𝑛)2(1 − 𝛼)
𝛼
2𝐵
















であるという。生産関数で表すと、それぞれ𝑌 = [𝐾, 𝐿 ⋅ 𝐴(𝑡)]、𝑌 = [𝐾 ⋅ 𝐴(𝑡), 𝐿]と表現できる。
ここで、𝐴(𝑡)は技術を表す関数であり、𝐴
•
(𝑡) ≥ 0である。さらに、その 2つのケースと異な
り、技術進歩は中立的(ヒックス中立的)なケースも存在し、所与の資本・労働比率におい
て限界生産物の比が不変にとどまっている。このとき中立的生産関数は𝑌 = 𝐴(𝑡) ⋅ 𝐹(𝐾, 𝐿)と
なる。 
 しかし、一定の人口成長率を持つ成長モデルでは、労働増加的技術進歩のみが持続的成
長状態の存在、すなわち長期的な一定の成長率と整合的であると Barro and Sala-i-Martin 
                                                     






















⇒      𝐵[0] = 𝐴[0]𝜀 ⋯ ⋯ ⋯ (25) 
であり、2部門における技術進歩率は以下のような関係を満たす。すなわち、 
𝐵𝑡 = 𝐴[0]𝜀𝑒




















         max 𝑢 = ∫ 𝑒−𝜌𝑡
∞
0
log 𝐴[0]𝑒𝜆𝑡?̂? 𝑑𝑡 
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given      𝑘
∧
 (0)    




= 0 ⋯ ⋯ ⋯ (27) 
 この問題は通時的効用を最大化とする「条件付き最大化問題」として解くことができ、
経常価値ハミルトニアン𝐻𝑐は以下のようになる。 
𝐻𝑐 = 𝑙𝑜𝑔 𝐴 [0]𝑒𝜆𝑡𝑦
∧
+ 𝜇 [𝜀(1 − 𝑠) − (𝑛 + 𝛿 + 𝜆)𝑘
∧
] ⋯ ⋯ ⋯ (28) 





𝐻𝑐 = 𝑙𝑜𝑔 𝐴 [0] + 𝜆𝑡 + 𝛼 𝑙𝑜𝑔 𝑘
∧
+ 𝛽 𝑙𝑜𝑔 𝑠 + 𝜇 [𝜀(1 − 𝑠) − (𝑛 + 𝛿 + 𝜆)𝑘
∧



















⇒    𝑠 =













(𝑛 + 𝛿 + 𝜆)





𝛽(𝜌 + 𝑛 + 𝛿 + 𝜆)
𝑛 + 𝛿 + 𝜆 + (1 − 𝛼)𝜌





𝑛 + 𝛿 + 𝜆 + (1 − 𝛼)𝜌














] 𝑠(𝑡) − (𝜌 + 𝑛 + 𝛿 + 𝜆)}







⋯ ⋯ ⋯ (35) 
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−(𝜌 + 2𝛿 + 2𝑛 + 2𝜆) + √(𝜌 + 2𝛿 + 2𝑛 + 2𝜆)2 +
4(𝜌 + 2𝛿 + 2𝑛+2𝜆)2(1 − 𝛼)
𝛼
2𝜀









高い数値である。なお、人口成長率について、Li(2018)が中国 2017 年から 2050 年までの
人口成長率を推計した結果は 0.0576%であり、本章はその値を利用する。 
表 4-1 パラメーター 
𝐵  𝛿 𝛼 𝜌 𝑛 
0.5264 0.17198 0.598 0.764 0.0576% 







                                                     












図 4-2 𝑘(𝑡) 
 
図 4-3  𝑠(𝑡) 
 
 





















































第5章 資本財部門における資本財投入を考慮したマルクス派最適成長モデルの改良   
中国経済の成長スピードに関する新推計 


















































































のである。もちろん、ここでは、0 ≤ 𝑠 ≤ 1、0 ≤ 𝜑 ≤ 1である。それぞれは毎期総労働力を
どのような比率(𝑠: 1 − 𝑠)で二つの部門に分割するか、毎期総資本ストックをどのような比率
(𝜑: 1 − 𝜑)で二つの部門に分割するかを表す。すなわち、大西・金江(2015)における𝐿1、𝐿2は
𝐿1 = 𝑠𝐿、𝐿2 = (1 − 𝑠)𝐿と書き替えられ(𝐿は総労働力)、同じく、𝐾1、𝐾2は𝐾1 = 𝜑𝐾、𝐾2 =
(1 − 𝜑)𝐾と書き替えられる(𝐾は総資本)。 
 大西・金江(2015)の研究とは異なり、資本と労働の配分比率𝜑、𝑠が𝐾とともに、通時的操
作変数としてモデルに組み込まれている。さらに、消費財生産部門と資本財生産部門とも




𝐼 = 𝐵[(1 − 𝜑)𝐾]𝛼1[(1 − 𝑠)𝐿]𝛽1 ⋯ ⋯ ⋯ (1) 
𝑌 = 𝐴(𝜑𝐾)𝛼2(𝑠𝐿)𝛽2 ⋯ ⋯ ⋯ (2) 
𝐾
•





図 5-1 モデルにおける 2本の生産関数の図式的な表現 
  
 










max 𝑈 = ∫ 𝑒−𝜌𝑡
∞
0
log 𝑌 𝑑𝑡 
s. t. 
𝑌 = 𝐴(𝜑𝐾)𝛼2(𝑠𝐿)𝛽2 
       𝐾
•
= 𝐵[(1 − 𝜑)𝐾]𝛼1[(1 − 𝑠)𝐿]𝛽1 − 𝛿𝐾 





𝐻𝑐 ≡ 𝑙𝑜𝑔 𝑌 + 𝜇𝐾
•





𝐻𝑐 ≡ 𝑙𝑜𝑔 𝐴 + 𝛽2 𝑙𝑜𝑔 𝑠 + 𝛽2 𝑙𝑜𝑔 𝐿 + 𝛼2 𝑙𝑜𝑔 𝐾 + 𝛼2 𝑙𝑜𝑔 𝜑 + 𝜇𝐵[(1 − 𝑠)𝐿]
𝛽1[(1 − 𝜑)𝐾]𝛼1









(1 − 𝑠)𝐿 










⇒     
𝛽2
𝑠
= [(1 − 𝜑)𝐾]𝛼1𝜇𝐵𝛽1𝐿





⇒      
𝛼2
𝜑
= 𝜇𝐵[(1 − 𝑠)𝐿]𝛽1𝛼1𝐾




= 𝜌𝜇 − ?̇? 
⇒      
𝛼2
𝐾
− 𝜇𝛿 + 𝜇𝐵[(1 − 𝑠)𝐿]𝛽1(1 − 𝜑)𝛼1𝛼1(𝐾)























𝑒−𝜌𝑡 𝜇𝐾 = 0 ⋯ ⋯ ⋯ (7) 
 この中の𝜇𝐾は、時点𝑡での効用単位で測った生産手段価格であり、𝑒−𝜌𝑡によりそれを時点
0で評価した値は時間がたつにつれ 0に収束するということである。 




























































= 𝐵[(1 − 𝜑)𝐾]𝛼1[(1 − 𝑠)𝐿]𝛽1 − 𝛿𝐾 








𝐵[(1 − 𝜑)]𝛼1[(1 − 𝑠)]𝛽1


































] = 0 ⋯ ⋯ ⋯ (11) 
となる。 
(10)式を代入すれば、 







𝐵[(1 − 𝜑)]𝛼1[(1 − 𝑠)]𝛽1
) ⋯ ⋯ ⋯ (12) 
𝜑∗ =
(1 − 𝛼1)𝛿 + 𝜌
𝛿 + 𝜌
⋯ ⋯ ⋯ (13) 
1 − 𝜑∗ = 1 −
(1 − 𝛼1)𝛿 + 𝜌
















































= 0 ⋯ ⋯ ⋯ (16) 
となる。(10)式を(16)式に代入すれば、 










𝐵(1 − 𝜑)𝛼1(1 − 𝑠)𝛽1
] 
⇒  𝑠∗ =
[(1 − 𝛼1)𝛿 + 𝜌]𝛽2
[(1 − 𝛼1)𝛿 + 𝜌]𝛽2 + 𝛼2𝛽1𝛿
⋯ ⋯ ⋯ (17) 
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⇒  1 − 𝑠∗ =
𝛼2𝛽1𝛿
[(1 − 𝛼1)𝛿 + 𝜌]𝛽2 + 𝛼2𝛽1𝛿



















































































在」のその現実の値は 76%である。そのため、この仮定では、もし 2020 年に定常化するの












3. オイラー方程式の利用による実証モデル  
(1) モデルの推計について 
 前述のように、先行研究には Shen(2011)と大西(2016)の二つがあるが、この二つの研究
                                                     
















 さらに、減価償却 δ と主観的割引𝜌については、大西(2016)のデータは孟(2012)の産業別
減価償却率推定データを中間年 1995年の資本ストックの産業別比率で加重平均して計算し
たものとなっており、結果は 0.17198であった。これは孫・焦 (2016)により計算された 1980














































4. 中国経済のゼロ成長化は何年先か   
 ここから経済がゼロ成長になる時期の具体的な推計に入る。図 5-3 は、計算された各年
の資本労働比率、及び各年に対応する経済成長率を 2 本の線で表示している。図 5-3 に見





































本ストックが 2009年段階の 15倍程度になることを意味している。計算によると 2040年の




























































れば、予測された 2040 年における総消費＋総生産の総額は 1980 年価格で 70 兆 25 億元と
なるが、これは計算の基準年の 2009年の値の 7.126倍程度になり、それはさらに、現在の
日本の約 6倍と予測されることになる。現時点の中国の人口は日本の約 10倍程なので、こ













第6章 Chapter Five Model With Labor Force Growth： A New Projection of China’s 











As China’s economy has matured, its real GDP has slowed significantly, from 14.2% in 
2007 to 6.9% in 2017 (International Monetary Fund 2018). The Chinese government 
has embraced this decline, calling it the “new normal.” To analyze this decline, we 
introduce an optimal growth model called the Marxian optimal growth model; it 
explains the declining trend of the potential growth rate as an inevitable historical law. 
The Marxian optimal growth model was established based on the labor theory of 
value by Yamashita and Onishi (2002) to prove the theory of historical materialism in 
Friedrich Engels’s Development of Socialism from Utopia to Science. The model 
explains capitalist developments under the law of birth, growth, and death from the 
perspective of the “upper limit” of capital accumulation. Here, the “birth of capitalism” 
is caused by the Industrial Revolution, and the “growth” denotes fast-paced capital 
accumulation. Finally, the “death” will be reflected when the historical role (economic 
development) will be fully achieved. In this sense, the Marxian optimal growth model is 
an appropriate model to explain long-term trends of falling economic growth. The 
Marxian optimal growth model has attracted significant attention in academia and has 
been applied to several empirical studies. (Literature on it has been published in 






Japanese, English, Chinese, and Korean, with studies in World Review of Political 
Economy, vol. 2, no. 4, too.)43 To understand the Marxian optimal growth model, we 
explain three important considerations of this model according to Yamashita and Onishi 
(2002), Onishi (2011), and Onishi (2015). 
The model considers material terms to express the fact that accumulation of 
machinery has been effective for production after the Industrial Revolution. Specifically, 
before the Industrial Revolution, an incremental change in the “means of production” 
did not result in incremental production capacity, while after the Industrial Revolution, 
the incremental change in the “means of production” results in an incremental 
production capacity44. According to Onishi (2011), this kind of relationship can be 
expressed in terms of an elasticity of production with respect to the means of production, 
wherein the elasticity has a value of zero in the former case and a positive value in the 
latter. When expressing this elasticity as a production function, labor input serves as a 
factor of production in addition to the means of production. This can be expressed only 
in the form of the Cobb–Douglas function45, as follows: 
                                                     
43 The Marxian optimal growth model has been applied to empirical studies on the Japanese, 
Chinese, and South Korean economies—Tazoe (2011), Shen (2011), Yin and Yamashita (2013), 
Onishi (2016), and Li (2018). 
44 The means of production is the “hammer” before Industrial Revolution, while it is “machinery” 
after Industrial Revolution. In this case, giving a second or third hammer to a feudalist craftsperson, 
who uses the added tool, will not result in any increase in his or her production. However, after 
Industrial Revolution, an increase in the number or size of machinery used by a single worker in the 
modern industry will alone cause an increase in production capacity. 
45 The Cobb–Douglas model has always been an important subject as evidenced by the aggregation 
problem highlighted by the Cambridge capital controversies of the 1960s. While Shaikh (1974) 
strictly criticized the aggregate product function, his study showed that the Cobb–Douglas function, 
with constant “returns to scale,” “natural technical change,” and “marginal products equal to factor 
rewards,” can be incorporated in empirical studies when the distribution data exhibit constant shares 
with broad classes of production data. Moreover, Shaikh (2005) showed that the aggregate 
production function can always be made to work on any data that exhibit roughly constant wage 
shares, even when the underlying technology is non-neoclassical. On the other hand, in Yamashita 
and Onishi (2002), the reason for using the Cobb–Douglas function was explained from the 
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𝑌 = 𝐴𝐾𝛼𝐿𝛽 ⋯ ⋯ ⋯ (1), 
where Y represents the production of goods for final consumption, A represents “total 
factor productivity” (a technological coefficient), K is the means of production input, 
and L is labor input;  = 0 before the Industrial Revolution and  > 0 after the Industrial 
Revolution. 
The Marxian optimal growth model is based on a roundabout production system. 
Here the production of machinery is assumed to take place only using labor. This idea 
is expressed clearly here as it is a model of the labor theory of value. According to 
Marx’s reproduction scheme, there are two sectors in an economic system—the 
investment goods sector (the means of production K) and the consumption goods sector 
(the means of consumption Y). Then, the relationship between Y, K, and L can be 
described as shown in Figure 1. Here, the total labor L is split into two sectors, with s 
(valued 0 ≤ 𝑠 ≤ 1) portion of labor diverted to the consumption goods sector (the 
production of means of consumption), and the portion 1 – s to the investment goods 
sector (the production of means of production). In this way, the production function of 
the consumption goods sector is 
𝑌 = 𝐴𝐾𝛼(𝑠𝐿)𝛽 ⋯ ⋯ ⋯ (2). 
And the production function for the investment goods sector can be simplified as 
𝐾
•
+ 𝛿𝐾 = 𝐵(1 − 𝑠)𝐿 ⋯ ⋯ ⋯ (3). 
Here K represents the stock of means of production, 𝐾
•
 is the amount of incremental 
K over a period, B is the labor productivity, and 𝛿 is the depreciation rate, with a value 
of 0 < 𝛿 < 1. 
                                                                                                                                                           
perspective of whether or not the accumulation of capital is effective for production capacity when 
comparing the production mode after and prior to the Industrial Revolution. To explain this 
relationship, the Cobb–Douglas function is the best and only fit of production function. In the 
extension model below, we thus take Shaikh (1974) into consideration by setting the Cobb–Douglas 




The issue of concern in the Marxian optimal growth model is how to derive the 
process of long-term capital accumulation. This issue is formularized as an optimization 
problem. To derive the long-term capital accumulation path, Yamashita and Onishi 
(2002) formularized this issue as the issue of maximization of production of the means 
of final consumption using the two production functions introduced above. In this 
scenario, the Marxian optimal growth model is a normative model that considers the 
maximization problem under a constrained condition. Here the utility function46 is 
inevitably introduced to measure and represent welfare from consuming the production 
of the means of final consumption. However, considering the diminution of marginal 
utility per unit of consumption goods, the level of utility to human beings at any 
                                                     
46 “Utility” is a long-standing objection to marginal utility theory by Marxian economists. However, 
as explained, the Marxian optimal growth model is a normative model. Instead of reflecting the 
reality of social functioning, the model was first established to explain the necessity of capital 
accumulation in different stages of society or economic development. Here, whether capital 
accumulation is necessary or not relates to the definition of capitalism. The conclusion of the 
Marxian optimal growth model indicates the inevitability of the death of capitalism. To analyze the 
process of long-term capital accumulation converting to the end of capitalism, Yamashita and Onishi 
(2002) considered the optimization problem under the constrain condition. Furthermore, here the 
optimization problem is related to the judgment of a “good society” or “bad society.” Thus, we must 
inevitably introduce the utility function, as it can express this judgment. 
On the other hand, in fact, Marx did not object to the use of “utility.” In Capital, Volume I, Marx 
wrote, 
To know what is useful for a dog, one must investigate the nature of dogs. This 
nature is not itself deducible from the principle of utility. Applying this to man, he 
that would judge all human acts, movements, relations, etc. according to the 
principle of utility would first have to deal with human nature in general, and then 
with human nature as historically modified in each epoch. (1987, 527) 
Hence, we can state that, under the assumption of general human nature (representative agent in 
modern economics), the use of “utility” is acceptable. In addition, “modern Marxists,” including 
analytical Marxists, especially John Roemer, built a strong foundation based on the theory of 




moment (instantaneous utility) is log(Y)47. Additionally, we convert the sequence of 
utility continuing into the future to its present value using the discount rate 𝜌, which 
expresses preference between the future and the present. Finally, the inter-temporal 
utility is rewritten as 
𝑈 = ∫ 𝑒−𝜌𝑡 log 𝑌 (𝑡)𝑑𝑡
∞
0
⋯ ⋯ ⋯ (4). 
Here, e is the base of the natural logarithm, and (𝑡)appended to 𝑌 indicates that, in 
this calculation, 𝑌 varies over time. 𝑈 is the inter-temporal utility function. 
Therefore, the issue is to maximize the inter-temporal utility U under the conditions 
of the two production functions identified—that is, 
max 𝑈 = ∫ 𝑒−𝜌𝑡
∞
0
log 𝑌 (𝑡)𝑑𝑡 
s.t.            
𝑌(𝑡) = 𝐴𝐾(𝑡)𝛼(𝑠(𝑡)𝐿)𝛽 
        𝐾
•
(𝑡) + 𝛿𝐾(𝑡) = 𝐵(1 − 𝑠(𝑡))𝐿 ⋯ ⋯ ⋯ (5).   
Thus, the ratio of total labor power split into two sectors, (s(t):1 – s(t)), is set as the 
instrumental variable for human beings. This is why this model is called as the Marxian 
optimal growth model—the issue is formularized as an optimization problem in the 
growth process. 
In this sense, the Marxian optimal growth model is a bridge between modern 
economics and Marxian economics, that is, it specifically explains Marx’s theory of 
historical materialism in the context of modern economics (methods of constrained 
optimization). 
Considering the simplifications of the Marxian optimal growth model, wherein the 
production goods are assumed to be produced only by the labor force, Kanae (2013) 
extended this growth model by incorporating capital stock as a factor of production in 
                                                     
47 This is because marginal utility diminishes in this form. 
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the production goods sector. We name Kanae’s (2013) extended model as the extension 
model of the Marxian optimal growth model. 
Like the Marxian optimal growth model, the extension model mainly discusses the 
inevitability of the falling growth rate and the falling investment ratio of GDP. 
Consequently, it is considered an appropriate model to analyze the falling trend of 
economic growth, and accordingly, to forecast the economic growth of countries that 
have gradually decreasing growth rates. In fact, Shen (2011) and Onishi (2016) adopted 
this extension model as a framework to predict China’s economic growth. Both studies 
first calculated the number of times the future optimal capital–labor ratio corresponds to 
the current situation, and then calculated the necessary period to reach the future 
optimal situation with the assumption that the current situation is in the optimal path. 
Shen (2011) predicted 2040 as the year when China’s economic growth rate would 
reach zero, while Onishi (2016) predicted it to be 2033 under the assumption that the 
total labor force will be constant. 
In the process of reaching the zero-growth period, the economic growth rate is 
projected to change from a high-, to a medium-, and finally, to a low-growth 
(zero-growth) period. However, Shen (2011) and Onishi (2016) introduced some strong 
assumptions in the calculation process. For example, both studies calculated the labor 
and capital shares in the consumption goods sector48, that is, the capital–labor ratios in 
                                                     
48 The labor and capital shares—the part of total labor and the part of total capital stock—are used 
in the consumption goods sector. We can also simply describe this using the graph below: 
 




both the steady state and the base year. They calculated the optimal labor and capital 
shares in the consumption goods sector in the steady state at the same time, and both 
works of research set different assumptions. Onishi (2016) assumed that the labor and 
capital shares in the production goods sector would decrease linearly in the long term, 
while Shen (2011) assumed that the capital–labor ratio would continue increasing at the 
average speed at which the capital ratio increased between 1981 and 2005. 
Consequently, both studies estimated the time needed to reach zero-growth by 
concurrently using the calculated optimal capital–labor ratio, although such assumptions 
are unrealistic. Moreover, both studies assumed that the total labor force will be 
constant. This is very unlikely, as the Chinese industrial/urban workforce is still 
expanding, even if this expansion has been slowing down. 
However, in the theoretical model of the Marxian optimal growth model, the growth 
path of capital is endogenous. In addition, only if the initial instrumental parameters are 
guaranteed on saddle paths, can the economy be said to converge toward the steady 
state point. However, both these points are neglected in the aforementioned studies. In 
other words, the empirical analyses conducted in both studies contradict to the 
theoretical analyses. Furthermore, the labor growth is not incorporated into the 
theoretical model. To weaken these assumptions and incorporate the labor growth into 
the model, that is, to make them more realistic, recalculating the formulation is 
necessary. 
Therefore, we solve the extension model of the Marxian optimal growth model using 
dynamic formulations by incorporating the labor growth into the model. We build a 
complete prediction model without strict assumptions, and name it the prediction model 
of the Marxian optimal growth model. Then, using this prediction model, we depict the 
path of China’s economic growth from 2009 to 2050. 
                                                                                                                                                           
The capital is in terms of capital stock. Here, the capacity of the production depends on the holding 
quantity of the machinery (means of production). The holding quantity of the machinery (means of 




The contributions of this article can be summarized as follows: (1) The prediction 
model established in this article is an extension of the Marxian optimal growth model. It 
overcomes the incomplete factors in the former model and could be used for further 
empirical research. (2) The current empirical study cannot fully reflect China’s 
economic reality but would allow adequate policy recommendations. 
The remaining article is structured as follows. In the next section, we explain the 
basic structure of the extension model of the Marxian optimal growth model. Then, we 
introduce the process of establishing the prediction model in detail. In the third section, 
we briefly introduce the data used in the model. In the fourth section, we explain the 
specific stepwise process of the model calculation, which includes describing the 
method of calculating the data of the initial state and depicting the growth path of the 
Chinese economy. Finally, in the last section, we depict the path of China’s economic 
growth from 2009 to 2050 and describe the status of China’s economy for 2050. 
2. Basic Structure of the Extension Model of the Marxian Optimal Growth Model 
Kanae (2013) first extended the model adopted by Shen (2011) and Onishi (2016). Like 
the basic model of the Marxian optimal growth model, the prediction model 
incorporates both the production goods and the consumption goods sectors. However, 
unlike the basic model, both these sectors’ processes are observed as a collaboration of 
labor and capital. The production processes of these sectors are expressed in the form of 
the Cobb–Douglas function, which is commonly used in modern economics. 
Indicating the production goods and consumption goods sectors by the suffixes 1 and 
2, respectively, the production function of these two sectors can be introduced as 
follows: 
𝐺(𝐾1, 𝐿1) = 𝐵𝐾1
𝛼1𝐿1
𝛽1 ⋯ ⋯ ⋯ (6). 
𝐹(𝐾2, 𝐿2) = 𝐴𝐾2
𝛼2𝐿2
𝛽2 ⋯ ⋯ ⋯ (7). 
𝐾
•
= 𝐺(𝐾1, 𝐿1) − 𝛿𝐾 ⋯ ⋯ ⋯ (8). 
G, F, L, K, A, B indicate the production of the production goods sector, production of 
the consumption goods sector, total labor force, total capital stock, and total factor 
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productivity, respectively. The 𝐾
•
 represents the amount of capital stock change with 
respect to time, and δ (0 ≤ 𝛿 ≤ 1) is the depreciation rate of capital. Furthermore, G, F, 
and K are time variables, but for convenience, we omit time subscript t. 
Like the Marxian optimal growth model, maximization of the inter-temporal utility 
can be represented as 
𝑈 = ∫ 𝑒−𝜌𝑡
∞
0
log 𝑌 𝑑𝑡 ⋯ ⋯ ⋯ (9). 
In the model, the optimal allocation of economic resources is the mission or the 
ultimate goal of society, pursued over an infinite period. Hence, the following formulas 
are provided to draw the process of optimization of the entire society over time: 
max
𝐾1,𝐾2,𝐿1,𝐿2≥0





 ?̇? = 𝐺(𝐾1, 𝐿1) − 𝛿𝐾 
 𝑌 = 𝐹(𝐾2, 𝐿2) 
 𝐾 = 𝐾1 + 𝐾2 
 𝐿 = 𝐿1 + 𝐿2 ⋯ ⋯ ⋯ (10). 
In the formula above, logY represents the instantaneous utility at time t, which can be 
written as UY
49, and  is the rate of time preference. As the issue identified here is a 
conditional maximization problem of inter-temporal utility while satisfying certain 
conditions, we employ the following Hamiltonian: 
𝐻 = 𝐿𝑜𝑔𝑌 + 𝜆{𝐺(𝐾1, 𝐿1) − 𝛿𝐾} + 𝑅(𝐾 − 𝐾1 − 𝐾2) + 𝑤(𝐿 − 𝐿1 − 𝐿2) ⋯ ⋯ ⋯ (11). 
Here, λ is the conjugate variable of K, and signifies the price per capital measured by 
utility. R and w denote the Lagrangian multiples of K and L, respectively, and represent 
                                                     
49 Considering the diminution of marginal utility per unit of consumption goods, we identify the 
level of utility to a human being s at any moment (instantaneous utility) as log 𝑌. 
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the capital price and wage measured by utility50. The first-order conditions of this 














= 𝜆𝐺𝐿 = 𝑈𝑌𝐹𝐿 = 𝑤 ⋯ ⋯ ⋯ (13). 
𝜕𝐻
𝜕𝐾
= 𝜌𝜆 − 𝜆
•
, 
= 𝑅 − 𝜆𝛿 + 𝜆
•
= 𝜌𝜆 ⋯ ⋯ ⋯ (14). 



















⋯ ⋯ ⋯ (15). 
At the equilibrium stationary state, the ratios of labor force and capital allocated 
between the consumption goods sector and production goods sector are illustrated as 
follows: 
                                                     
50 Both are defined according to Onishi and Kanae (2015a). These are only definitions to explain the 
meaning of Lagrangian multiples, which is related to the explanations of the first-order condition 
equations, Equations (12), (13), and (14). However, it cannot be applied to the empirical study, 
because these values cannot be measured. For more detailed explanations, please refer to Onishi and 
Kanae (2015a). Furthermore, this also indicates that it is necessary to extend the Marxian optimal 






∗ = 𝜌 + 𝛿: 𝛼1𝛿: 𝜌 + 𝛿(1 − 𝛼1) ⋯ ⋯ ⋯ (16). 
𝐿: 𝐿1
∗ : 𝐿2
∗ = 𝛼2𝛽1𝛿 + 𝛽2{𝜌 + 𝛿(1 − 𝛼1)}: 𝛼2𝛽1𝛿: 𝛽2{𝜌 + 𝛿(1 − 𝛼1)} ⋯ ⋯ ⋯ (17). 
After estimating all the parameters of the two production functions—the subjective 
discount rate 𝜌 and depreciation rate 𝛿—Shen (2011) and Onishi (2016) calculated the 
optimal capital–labor ratio, the optimal ratio of labor force allocated to the consumption 
goods sector, and the optimal ratio of capital allocated to the consumption goods sector 
in the future steady state, using equations (15), (16), and (17). Specifically, both studies 
calculated the number of times the future optimum capital–labor ratio corresponds to the 
current situation. Then, they calculated the necessary period to reach it. In the process of 
reaching the zero-growth period, the economic growth rate is predicted to change 
following a high-, medium-, to low-growth (zero-growth) path. Still, some impractical 
assumptions exist in Shen’s (2011) and Onishi’s (2016) calculation procedure. That is, 
the process of the economic growth path is exogenous and with a strict 
assumption—Shen (2011) assumed that the trend of the capital–labor ratio’s change will 
maintain the same speed as that from 1981 to 2015. Onishi (2016) assumed that the 
ratio at which capital and labor are allocated to the production goods sector will 
decrease linearly. However, such an assumption is unrealistic, and should be revised. 
Furthermore, Kanae’s (2013) calculation also has a limitation, where he did not 
provide the growth path itself. Therefore, to introduce the economic system’s growth 
path, we prioritize the Euler equations, which indicate these paths directly. Thus, we 
overcome the limitation of Shen’s (2011) and Onishi’s (2016) projections. Moreover, by 
assuming the total labor to be constant, these authors neglect its growth in their 
theoretical and empirical study. To yield a realistic result, we thus incorporate the labor 
growth into our model. 
3. Basic Structure of the Prediction Model of the Marxian Optimal Growth Model 
For the purpose stated in the previous section, we now introduce the process of 
establishing the prediction model of the Marxian optimal growth model. 
Like the extension model of the Marxian optimal growth model, the prediction model 
incorporates both the production goods and the consumption goods sectors. The goods 
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in both sectors are produced from the collaboration of labor and capital. The production 
processes of both sectors are expressed in the form of the Cobb–Douglas function. In 
the extension model of the Marxian optimal growth model, the total capital (K) and total 
labor (L) are allocated in the two sectors following the simple formulation of L = L1 + L2, 
K = K1 + K2. However, in the prediction model, capital and labor are allocated between 
the consumption goods sector and production goods sector with the ratios 𝜑(𝑡): (1 −
𝜑(𝑡)) and 𝑠(𝑡): (1 − 𝑠(𝑡)), respectively. Furthermore, both are set as instrumental 
variables. For convenience, we omit time subscript t. Then, the amount of labor is equal 
to the Economically Active Population, and grows at a constant rate n, that is, 
𝐿 = 𝐿0𝑒
𝑛𝑡 ⋯ ⋯ ⋯ (18). 
where 𝐿0 > 0 is the population for the Economically Active Population in the initial 
period. 
Indicating the production goods and the consumption goods sectors by suffixes 1 and 
2, respectively, the production function of these two sectors can be introduced as 
follows: 
𝐼 = 𝐵[(1 − 𝜑)𝐾]𝛼1[(1 − 𝑠)𝐿]𝛽1 ⋯ ⋯ ⋯ (19). 
𝑌 = 𝐴(𝜑𝐾)𝛼2(𝑠𝐿)𝛽2 ⋯ ⋯ ⋯ (20). 
𝐾
•
= 𝐼 − 𝛿𝐾 ⋯ ⋯ ⋯ (21). 
I, Y, L, A, and B indicate the production of the production goods sector, production of 
the consumption goods sector, capital stock, total factor productivity of the consumption 
goods sector, and total factor productivity of the production goods sector, respectively. 
𝛼 and 𝛽 indicate the output elasticities of capital and labor, respectively. We assume 
the function displays constant returns to scale, where the value 𝛼 + 𝛽 = 1. The value 
𝛿(0 ≤ 𝛿 ≤ 1) is the depreciation rate. Furthermore, I, Y, and K are time variables, but 
for convenience, we have omitted time subscript t. 
As the production function is assumed to be homogeneous to the degree of 1, we can 




𝑌 = 𝐴(𝜑𝐾)𝛼2(𝑠𝐿)𝛽2 , 
         𝑦 = 𝐴(𝜑𝑘)𝛼2𝑠𝛽2 . . . . . . (22). 
𝐼 = 𝐵[(1 − 𝜑)𝐾]𝛼1[(1 − 𝑠)𝐿]𝛽1 , 
𝑖 = 𝐵[(1 − 𝜑)𝑘]𝛼1(1 − 𝑠)𝛽1 ⋯ ⋯ ⋯ (23). 
𝐾
•
= 𝐼 − 𝛿𝐾, 
𝑘
•
= 𝑖 − 𝛿𝑘 − 𝑛𝑘 ⋯ ⋯ ⋯ (24). 
where i, y, and k indicate I, Y, and K in per capita terms. 
Like the extension model of the Marxian optimal growth model, the value of the 
inter-temporal utility is represented by the objective function, as follows: 
max 𝑈 = ∫ 𝑒−𝜌𝑡
∞
0
log 𝑌 𝑑𝑡 ⋯ ⋯ ⋯ (25). 
which comprises an exponentially discounted instantaneous utility from the 
consumption goods. Here, 𝜌 refers to the subjective discount rate. 
Moreover, we assume that the economy is populated by identical individuals, such 
that the optimal control problem can be stated in terms of an infinitely lived 
representative agent with time-invariant utility, 
log 𝑌 = 𝐿 log 𝑦 = 𝐿0𝑒
𝑛𝑡 log 𝑦 ⋯ ⋯ ⋯ (26). 
Here, s and 𝜑 are instrumental variables that are controlled to maximize the present 
value of the inter-temporal utility shown in the next objective function: 





𝑦 = 𝐴(𝜑𝑘)𝛼2(𝑠)𝛽2 
?̇? = 𝑖 − 𝛿𝑘 − 𝑛𝑘 
𝑖 = 𝐵[(1 − 𝜑)𝑘]𝛼1[(1 − 𝑠)]𝛽1 
0 ≤ s ≤ 1 
0 ≤ φ ≤ 1 
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given    𝑘(0) ⋯ ⋯ ⋯ (27). 
As the issue identified here is a conditional maximization problem of inter-temporal 
utility while satisfying certain conditions, we employ the following Hamiltonian: 
𝐻𝑐 ≡ 𝑙𝑜𝑔 𝑦 + 𝜇𝑘
•
⋯ ⋯ ⋯ (28). 
𝐻𝑐 ≡ 𝑙𝑜𝑔 𝐴 + 𝛽2 𝑙𝑜𝑔 𝑠 + 𝛼2 𝑙𝑜𝑔 𝑘 + 𝛼2 𝑙𝑜𝑔 𝜑 + 𝜇𝐵(1 − 𝑠)
𝛽1[(1 − 𝜑)𝑘]𝛼1 − 𝜇𝛿𝑘
− 𝜇𝑛𝑘. 
In the above equations, 𝜇  is the shadow price of the capital. The first-order 
















= 𝜇𝐵[(1 − 𝑠)]𝛽1𝛼1𝑘








− 𝜇𝛿 − 𝜇𝑛 + 𝜇𝐵(1 − 𝑠)𝛽1(1 − 𝜑)𝛼1𝛼1(𝑘)









+ 𝛿𝑘 = 𝐵[(1 − 𝜑)𝑘]𝛼1(1 − 𝑠)𝛽1 . 
Additionally, besides the four first-order conditions above, the model should satisfy 
the other optimality condition called the transversality condition, which for this model 
can be written as follows: 
lim
t→∞
𝑒−(𝜌−𝑛)𝑡 𝜇𝑘 = 0 ⋯ ⋯ ⋯ (29). 






































⋯ ⋯ ⋯ (31). 
The calculation process is too complicated to be introduced briefly, and therefore, we 
omit this part. The combination of these two formulations with the formulation of 
capital stock 𝑘
•
= 𝐵[(1 − 𝜑)𝑘)]𝛼1[(1 − 𝑠)]𝛽1 − 𝛿𝑘 − 𝑛𝑘  can depict the optimal 
growth path of the capital–labor ratio, the optimal ratio of the capital allocated in the 
consumption goods sector 𝜑 , and the optimal ratio of the labor allocated in the 
consumption goods sector s. 
Furthermore, to confirm the correctness of these two equations, using the two Euler 
equations and the formula for capital stock, we also calculate the equations of the 
optimal capital–labor ratio, the optimal ratio of labor force allocated to the consumption 
goods sector, and the optimal ratio of capital allocated to the consumption goods sector 
in the steady state. 




= 0 𝑎𝑛𝑑 𝜑
•
= 0. The 
equations of the optimal capital–labor ratio, the optimal ratio of labor force allocated to 
the consumption goods sector, and the optimal ratio of capital allocated to the 
consumption goods sector in the steady state are calculated as follows: 
𝑘
•
= 𝐵[(1 − 𝜑)𝑘]𝛼1(1 − 𝑠)𝛽1 − 𝛿𝑘 − 𝑛𝑘, 
(𝑘)𝛼1−1 =
𝛿 + 𝑛
𝐵[(1 − 𝜑)]𝛼1(1 − 𝑠)𝛽1

























(𝑘)𝛼1−1] = 0 ⋯ ⋯ ⋯ (33). 
If we substitute equation (32) with (33), the share of capital stock for the two sectors 
can be obtained as follows: 







𝐵(1 − 𝜑)𝛼1(1 − 𝑠)𝛽1
) ⋯ ⋯ ⋯ (34). 
𝜑∗ =
𝛽1𝛿 + 𝛽1𝑛 + 𝜌
𝛿 + 𝜌 + 𝑛
⋯ ⋯ ⋯ (35). 
1 − 𝜑∗ = 1 −
(1 − 𝛼1)𝛿 + 𝜌
𝛼1𝛿 + 𝛿 + 𝜌
=
𝛽1(𝛿 + 𝑛)
𝛿 + 𝜌 + 𝑛
⋯ ⋯ ⋯ (36). 
This can also be written as 
𝐾∗: 𝐾1
∗: 𝐾2
∗ = 𝛿 + 𝜌 + 𝑛: 𝛼1(𝛿 + 𝑛): 𝛽1(𝛿 + 𝑛) + 𝜌 ⋯ ⋯ ⋯ (37). 



















⋯ ⋯ ⋯ (38). 
Then, we further obtain: 








(𝑘)𝛼1−1 ⋯ ⋯ ⋯ (39). 
If we replace equation (32) with (38), the optimal labor share can be obtained as 
follows: 










𝐵(1 − 𝜑)𝛼1(1 − 𝑠)𝛽1
) 
= 𝑠∗ =
[𝛽1(𝛿 + 𝑛) + 𝜌]𝛽2
[𝛽1(𝛿 + 𝑛) + 𝜌]𝛽2 + 𝛼2𝛽1(𝛿 + 𝑛)
 
= 1 − 𝑠∗ =
𝛼2𝛽1(𝛿 + 𝑛)
[𝛽1(𝛿 + 𝑛) + 𝜌]𝛽2 + 𝛼2𝛽1(𝛿 + 𝑛)
⋯ ⋯ ⋯ (40). 
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This can also be written as 
𝐿∗: 𝐿1
∗ : 𝐿2
∗ = {[𝛽1(𝛿 + 𝑛) + 𝜌]𝛽2 + 𝛼2𝛽1(𝛿 + 𝑛)}: 𝛼2𝛽1(𝛿 + 𝑛): [𝛽1(𝛿 + 𝑛)
+ 𝜌]𝛽2 ⋯ ⋯ ⋯ (41). 
If we substitute both equations (32) and (36) with (28), then the optimal capital–labor 



























⋯ ⋯ ⋯ (42). 
We observe that equations (37), (41), and (42) reflect Kanae’s (2013) results if we 
assume that the labor growth rate equals zero, that is, equations (15), (16), and (17). 
Thus, we have proven that the computation is correct. 
4. The Path of China’s Economic Growth from 2009 to 2050 
(1) Data Gathering and Operation 
In this study, for the parameters of the two production functions, we refer to Onishi 
(2016). Compared to Onishi (2016), the methodology of Shen’s (2011) projection was 
not sufficiently refined and thorough and did not present a theoretical background. 
Therefore, for the parameters of the two production functions, we refer to Onishi (2016), 
where these parameters are estimated as follows: 𝛼1 = 0.9110, 𝛼2 = 0.5980 𝑎𝑛𝑑 𝛽1 =
0.0989, 𝛽2 = 0.4020
51. The total factor productivity of the two sectors is estimated as 
follows: 
                                                     
51 As the method involves using the inverse matrix, (1-input coefficient matrix) – 1, which is too 
complex to calculate, Onishi (2016) adopted a different method. First, the author calculated the 
ratios of production for investment and consumption in each sector using the Chinese input–output 
tables for 1982, 1990, 1995, 2000, and 2010. Second, using these ratios, the author divided the 
industry’s capital stock and labor input data between the two sectors of each industry. Here, the labor 
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𝐴 = 0.5256, 𝐵 = 0.8218. 
The depreciation rate 𝛿 is predicted according to the capital accumulation equation 
𝐾
•
= 𝐼 − 𝛿𝐾. From the database provided by Onishi (2016), we can obtain the annual 
production data and capital stock data from 1980 to 2009 at the 1980 constant price. 
Then, by statistical regression, we can calculate the value of 𝛿, which is indicated to be 
approximately 0.1410. The subjective discount rate52 is indicated to be 0.0801. 
In our estimation, the labor growth rate calculation is divided into two 
parts—population growth rate and the employment participation growth rate. The 
population growth rate is estimated as follows. First, we use the total population growth 
rate for China between 2001 and 2050 from the “Word Population Prospects: 2017 
Revision” (United Nations 2017) to calculate the annual population growth rates. From 
these data, we can calculate the total population from 2001 to 2050. Next, we predict the 
growth rate of China’s employment participation in future years. We assume that the 
change in China’s future employment participation rate will maintain the same trend 
from 2001 to 2017. We thus predict China’s future labor force from 2001 to 2050 
annually. Finally, using the annual predicted data, we calculate the labor growth rate, 
which is 0.0576%. 
(2) Theoretical Background and Methodology of the Empirical Analysis 
                                                                                                                                                           
input data are obtained from the population census data. The capital stock data were obtained from 
Meng (2012), and then restructured by Onishi (2016) so as to correspond to the input–output tables. 
In addition, the data for the production of the consumption goods sector and the production goods 
sector are sourced from the China Statistical Yearbook and converted into real term using the 1980 
constant price. For more detailed explanations of the data operation, please refer to Onishi (2016). 
 
52 Here the subjective discount rate was recalculated in the same way as Onishi (2016), but by 
expanding the database. The subjective discount rate is estimated by applying Piketty’s return to 
capital, (r) > growth rate of the economy (g), theory. With this application, Onishi and Kanae 
(2015b) also proved the equation 𝑟 = 𝑔 + 𝜌 for the Marxian optimal growth model. Furthermore, 




To depict the path of the Chinese economic growth from 2009 to 2050, the first 
condition for a path (𝑠, 𝜑, 𝑘)—with 𝑘 > 0,0 ≤ 𝑠 ≤ 1,0 ≤ 𝜑 ≤ 1 for all 𝑡 ≥ 0—must 
be the solution to the model and satisfy the system of differential equations, equations 
(24), (30), and (31). Under the three given equations—equations (24), (30), and 
(31)—several possible paths could be solutions. However, only if the path starts at the 
special point, does it converge toward the steady state point; in this case, the path is 
called a saddle-path in neoclassical economy. Thus, we must calculate 𝑠, 𝜑 
corresponding to the given 𝑘0 in the initial state. In fact, both Shen (2011) and Onishi 
(2016) neglected to consider this point. In other words, the empirical analyses 
conducted in both studies contradict the theoretical analyses. 
However, we especially prioritize the paths that start at the historically given 𝑘0, 
𝑠0, 𝜑0, which can reflect China’s real economic growth path without any technical 
assumptions, for which we start the path from the actual state in 2009. 
After depicting the economic growth path, we compare the maximum values of the 
capital–labor ratio, the ratio of labor force allocated in the consumption goods sector, 
and the ratio of capital allocated in the consumption goods sector in the final year with 
those values in the optimal steady state. 
First, we calculate the capital–labor ratio, the ratio of labor force allocated in the 
consumption goods sector, and the ratio of capital allocated in the consumption goods 
sector in 2009. 
Second, we plug the value of 𝑠2009, 𝜑2009, 𝑘2009, calculated in the first step, into 













 refer to the variation from 𝑠2009, 𝜑2009, 𝑘2009 to the next period in 
2010, for which we simultaneously obtain 𝑠2010, 𝜑2010, 𝑘2010 and the economic growth 
rate. 
Third, we plug 𝑠2010, 𝜑2010, 𝑘2010, calculated in the second step, into equations (24), 






2010 . Simultaneously, we obtain 
𝑠2011, 𝜑2011, 𝑘2011 and the economic growth rate and total GDP. 
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Fourth, we repeat Step 2 in the same manner as Step 3 until 2050. 
Fifth, we depict the growth paths of 𝑠, 𝜑, 𝑘 from 2009 to 2050 using all 𝑠, 𝜑, 𝑘 
obtained above. 
Sixth, we calculate the optimal capital–labor ratio, the labor share allocated in the 
consumption goods sector, and the capital share allocated in the consumption goods 
sector. Then, we compare these values with those of 2050. 
Finally, we calculate the year during which China’s GDP would surpass US GDP. 
(3) Result Analysis 
In the preceding subsection, we introduced the methodology and theoretical background 
that underline our calculation. Specifically, we calculated the optimal capital–labor ratio, 
optimal labor share, and optimal capital share for the two sectors in the steady state. We 
also calculated the labor and capital shares for the two sectors under a given real value 
of capital stock (𝐾2009) in 2050. Additionally, we depicted the path of the economic 
growth from 2009 to 2050. 
Using Table 6-1, we now compare capital–labor ratio and GDP in different periods. 
The capital–labor ratio in 2050 is 116,030 Yuan at the 1980 constant price. It is about 
36 times higher than the actual level in 2009 (3,120 Yuan at the 1980 constant price). 
The total capital stock is 9.3 1016 Yuan, which is 41 times higher than that in 2009. 
The total GDP in 2050 will be approximately 1.6  1016 Yuan at the constant 1980 price, 
which is about 15 times higher than that in 2009. The total GDP in 2017 was about 2.3 
times higher than that in 2009. This means that the GDP in 2050 would be almost 6.5 




Table 6-1 The Capital–Labor Ratio and GDP 
 
Capital–labor ratio 
(Yuan in 1980 constant price) 
GDP 
(Yuan in 1980 constant price) 
Actual in 2009 3,120 1.0  1015 
Projection in 2050 116,030 1.6  1016 
Optimal value 166,610 2.1  1016 
Furthermore, using Table6-1, we compare the labor and capital shares between the two 
aforementioned sectors in different periods. We observe that both capital and labor 
transfer from the production goods sector to the consumption goods sector. We consider 
this a normal phenomenon of transformation in an economic structure with economic 
growth. 






Actual in 2009 
Resource allocation K 0.2999 0.7001 
L 0.2412 0.7588 
Projection in 2050 
Resource allocation K 0.6141 0.3859 




Resource allocation K 0.4180 0.5820 
L 0.8316 0.1684 
Note: The result is accurate to four decimals. 
However, when comparing the labor and capital shares between the two 
aforementioned sectors, capital–labor ratio and GDP in different periods, we observe 
that the predicted values of the capital–labor ratio and GDP in 2050 are lower than the 
optimal value calculated using the optimal equations. This tendency also reflects the 
disequilibrium of real economic growth in China, which indicates unbalanced growth 
between the virtual and the real economy. Conversely, it indicates the need to carry out 
further supply-side structural reform to lead the development of the real economy. This 
has been the Chinese government’s focus for their economic policy in recent years. 
As discussed earlier, the methodology adopted in Shen (2011) and Onishi (2016) to 
depict China’s economic growth path contradicts the theoretical research. Thus, 
undertaking a projection using the aforementioned methodology once more is necessary. 
The three growth paths—growth paths of ratio of labor allocated to the consumption 
goods sector, the ratio of capital allocated to the consumption goods sector, and the total 
capital, respectively—are described below. 
Figure 6-1 shows the growth path of the capital share allocated to the consumption 
goods sector. Figure 6-2 shows the growth path of the labor share allocated to the 








Figure 6-1. Growth Path of Capital Share in Consumption Goods Sector 
 











This article incorporates the labor growth rate into the Marxian optimal growth model 
adopted by Shen (2011) and Onishi (2016), and then derives the Euler equations of the 
model using dynamic formulations. These extensions allow the Marxian optimal growth 
model to be a more complete prediction model that can be used in further empirical 
research without using strict assumptions. We consider this to be a significant 
theoretical progress. 
Using the prediction model, we depict China’s economic growth path from 2009 to 
2050. Furthermore, we compare the maximum values of the capital–labor ratio, the ratio 
of labor force allocated in the consumption goods sector, and the ratio of capital 
allocated in the consumption goods sector in the final year with those values in the 
optimal steady state. The results indicate that the total GDP will be approximately 1.6  
1016 Yuan at the constant 1980 price in 2050, which is about 15 times higher than that 
in 2009. The total GDP in 2017 was about 2.3 times higher than that in 2009. This 
means that the predicted GDP in 2050 would be almost 6.5 times higher than that in 
2017. In addition, according to the result, we find that, in 2026, China’s GDP will grow 
to 6.2  1015 Yuan at the constant 1980 price, which is almost 1.97 times higher than 
that in 2017. As US GDP is about 1.6 times higher than that of China, it would be 1.85 
111 
 
times higher than that of China in 201753. Consequently, China’s GDP is projected to 
surpass US GDP by 2026. Moreover, the result also indicates that around 2050, China’s 
GDP is projected to be almost 2.22 times higher than US GDP, while the GDP per 
capita will be half the US GDP per capita54. 
In addition, the result indicates disequilibrium in China’s real economic growth. Thus, 
a growth imbalance exists between the virtual and the real economy. This denotes the 
need to carry out further supply-side structural reform for real economic development. 
The Chinese government has already realized this problem and focused on promoting 
economic restructuring. We believe that under the powerful and wise leadership of the 
government, China’s economy is bound to progress markedly. 
  
                                                     
53 Here, we assume that the US GDP will maintain growth at the constant growth rate of 2016, 
which is 1.46%, from 2016 to 2050. 
54 Here, we assume that the US GDP per capita will maintain growth at the constant growth rate as 























































モデルの形としては、第 5 章と同様、消費財生産部門と資本財生産部門の 2 部門生産関数
を、それぞれ次のように表す56。  
𝐼𝑡 = 𝐵𝑡[(1 − 𝜑𝑡)𝐾𝑡]
𝛼1[(1 − 𝑠𝑡)𝐿𝑡]
𝛽1 … … … (1) 
𝑌𝑡 = 𝐴𝑡[𝜑𝑡𝐾𝑡]
𝛼2[𝑠𝑡𝐿𝑡]
𝛽2 … … … (2) 











= 𝜆2 … … … (5) 
である。 
ここで、初期における 2 部門の技術進歩の係数を、𝐴[0]、𝐵[0]と表すと、𝑡期における技








λ1𝑡 … … … (6) 
𝐵𝑡 = B[0]𝑒





= 𝜀 ⇒ 𝐵[0] = 𝐴[0]𝜀 
すると、両部門における技術進歩率は以下のような関係を満たす。すなわち、 
𝐵𝑡 = 𝜀𝐴𝑡𝑒






























































𝐴[0]𝑒𝜆1𝑡} 𝑑𝑡 … … … (12) 




















𝛽2                  
          𝑖
∧


















given   𝑘
∧
(0)                            
0 ≤ 𝜑𝑡 ≤ 1                           
0 ≤ 𝑠𝑡 ≤ 1                             




𝑡 = 0                 … … … (13) 
 これは通時的効用を最大化する「条件付き最大化問題」として解くことができ、経常価
値ハミルトニアン Hcは以下の通りになる。 
𝐻𝑐 ≡ 𝑙𝑜𝑔 𝐴 [0]𝑒𝜆1𝑡𝑦𝑡
∧





(𝜆2−𝜆1)𝑡]𝛽1 − (𝑛 + 𝛿 + 𝜆1)𝑘
∧
𝑡} … … … (14) 
𝐻𝑐 ≡ 𝑙𝑜𝑔 𝐴 [0] + 𝜆1𝑡 + 𝛼2𝑙𝑜𝑔𝑘
∧
𝑡 + 𝛼2𝑙𝑜𝑔𝜑𝑡 + 𝛽2 𝑙𝑜𝑔 𝑠𝑡     































= 𝜇[𝜀𝑒(𝜆2−𝜆1)(1 − 𝑠)]𝛽1𝛼1𝑘
∧




∧ = 𝜌𝜇 − 𝜇
•
 
⇒     
𝛼2
𝑘
∧ − 𝜇𝛿 − 𝜇𝑛 + 𝜇[𝜀𝑒
(𝜆2−𝜆1)(1 − 𝑠)]
𝛽1

























































































































































































= 𝐵[(1 − 𝜑)𝑘
∧






















𝛽1(𝛿 + 𝑛 + 𝜆2) + 𝜌
𝛼1(𝛿 + 𝑛 + 𝜆1) + 𝛽1(𝛿 + 𝑛 + 𝜆2) + 𝜌





[𝛽1(𝛿 + 𝑛 + 𝜆2) + 𝜌]𝛽2
[𝛽1(𝛿 + 𝑛 + 𝜆2) + 𝜌]𝛽2 + 𝛼2𝛽1(𝛿 + 𝑛 + 𝜆1)




































… … … (31) 
 
3. データ計測とパラメーター推計  













する研究には、Kuga(1967)を先駆とし、高橋、増山、坂上(2002)、Takahashi, Masuyama and 
Sakagami (2012)によるものや、Uzawa(1961)に始まる 2 部門モデルの含意を測定するもの











 この関係式を使って、各部門の各総生産のうち、消費財の均衡生産量は(𝐸 − 𝐴)−1𝐶で、資





, . . . . . . . . . ,
𝐾𝑛
𝑌𝑛






, . . . . . . . . . ,
𝐿𝑛
𝑌𝑛
) … … … (23) 
となる。 
ここで、𝑌𝑖(𝑖 = 1 … … . . 𝑛)は第𝑖部門の生産額、𝐾𝑖は第𝑖部門の資本ストックの投入量、さら
に、𝐿𝑖は第𝑖部門の労働投入量を示すものである。 
こうして、資本財生産と消費財生産への労働、資本投入はそれぞれ、 
𝐾𝑐 = 𝑘(𝐸 − 𝐴)
−1𝐶. … … … (24) 
𝐿𝑐 = 𝑙(𝐸 − 𝐴)
−1𝐶 … … … (25) 
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𝐾𝑘 = 𝑘(𝐸 − 𝐴)
−1𝐼 … … … (26) 
𝐿𝑘 = 𝑙(𝐸 − 𝐴)
−1𝐼 … … … (27) 
となる。 








(2)  データの計測とパラメーターの推計 
  本章において使用されるデータについては以下の通りである。 
① World Input-Output Database(以下 WIOD)に掲載される多国 Socio Economic 
Accounts データで、2016 年に公開された 2000～2014 年の 56 セクターのデータ
を用いる。 
② WIODに掲載され国別 National Supply and Use Tables の中の韓国のデータで、
2016年に公開された 2000～2014年の 64セクターのデータを用いる。 
③ Penn World Tableの物価データを使って価格を統合する。 
データが揃った前提で,まず多国 Socio Economic Accountsデータを用いて、韓国の労
働投入、資本投入、生産、デフレータ―を作成する。それから、韓国 National Supply and 
Use Tables を用いて、韓国の投資、最終需要のデータを作り出す。このステップの後、
それぞれのデータの部門数を統合する。なお、本章は 18部門で最終的な統合を行う57。 
                                                     

























ln 𝑌𝐼 = ln 𝐵0 + 𝛼1 ln 𝐾𝐼 + 𝛽1 ln 𝐿𝐼 + 𝜆2 + 𝜇1(error term) … … … (27) 
ln 𝑌𝑐 = ln 𝐴0 + 𝛼2 ln 𝐾𝑐 + 𝛽2 ln 𝐿𝑐 + 𝜆1 + 𝜇2(error term) … … … (28) 
となり、これらの方程式は以下のように変形できる。 
ln 𝑌𝐼 − ln 𝐿𝐼 = ln 𝐵0 + 𝛼1(ln 𝐾𝐼 − ln 𝐿𝐼) + (𝛽1 + 𝛼1 − 1) ln 𝐿𝐼 + 𝜆2                 
+ 𝜇1(error term) … … … (29) 






) = ln 𝐵0 + 𝜆2 + 𝛼1 ln (
𝐾𝐼
𝐿𝐼




) = ln 𝐴0 + 𝜆1 + 𝛼2 ln (
𝐾𝐶
𝐿𝐶






図 7-1 消費財生産関数の推計結果 
 
出所：筆者作成 
図 7-2 資本財生産関数の推計結果 
 
出所：筆者作成 
また、個々のパラメーターの値は以下の表 7-1 の通りである。 
表 7-1 生産関数における各パラメーターの数値 
𝛼1 𝛼2 𝜆1 𝛽1 𝛽2 𝜆2 
0.2927 0.1276 0.0510 0.7072 0.8724 0.0443 
出所：筆者作成 
2) 𝜹の計算  
Knoema(グローバルな意思決定用データ関する世界データ)58には 1965年から 2014年の 
                                                     
58 https://knoema.com/PWT2015/penn-world-table-9-0?tsId=1024000 
F test that all u_i=0: F(42, 184) = 63.33                    Prob > F = 0.0000
                                                                              
         rho    .97512258   (fraction of variance due to u_i)
     sigma_e    .12984467
     sigma_u    .81292609
                                                                              
       _cons    -91.66003   5.165374   -17.75   0.000     -101.851   -81.46906
        year     .0510109   .0026664    19.13   0.000     .0457503    .0562715
       lkl_C     .1276047   .0330275     3.86   0.000     .0624433    .1927661
                                                                              
       lyl_C        Coef.   Std. Err.      t    P>|t|     [95% Conf. Interval]
                                                                              
corr(u_i, Xb)  = 0.4742                         Prob > F          =     0.0000
                                                F(2,184)          =     352.79
     overall = 0.4989                                         max =         15
     between = 0.5998                                         avg =        5.3
     within  = 0.7932                                         min =          1
R-sq:                                           Obs per group:
Group variable: sectorid                        Number of groups  =         43
Fixed-effects (within) regression               Number of obs     =        229
F test that all u_i=0: F(42, 189) = 60.74                    Prob > F = 0.0000
                                                                              
         rho    .95964262   (fraction of variance due to u_i)
     sigma_e    .12937285
     sigma_u    .63086498
                                                                              
       _cons    -79.99753   4.185677   -19.11   0.000    -88.25417   -71.74088
        year       .04434   .0021096    21.02   0.000     .0401786    .0485015
       lkl_I     .2927975   .0244909    11.96   0.000     .2444869    .3411082
                                                                              
       lyl_I        Coef.   Std. Err.      t    P>|t|     [95% Conf. Interval]
                                                                              
corr(u_i, Xb)  = 0.5881                         Prob > F          =     0.0000
                                                F(2,189)          =     366.90
     overall = 0.7367                                         max =         15
     between = 0.7812                                         avg =        5.4
     within  = 0.7952                                         min =          1
R-sq:                                           Obs per group:
Group variable: sectorid                        Number of groups  =         43



















表 7-2 生産関数における各パラメーターの数値 
𝛼1 𝛼2 𝜆1 𝛽1 𝛽2 𝜆2 𝑛 δ ρ 








𝛽1(𝛿 + 𝑛 + 𝜆2) + 𝜌
𝛼1(𝛿 + 𝑛 + 𝜆1) + 𝛽1(𝛿 + 𝑛 + 𝜆2) + 𝜌





[𝛽1(𝛿 + 𝑛 + 𝜆2) + 𝜌]𝛽2
[𝛽1(𝛿 + 𝑛 + 𝜆2) + 𝜌]𝛽2 + 𝛼2𝛽1(𝛿 + 𝑛 + 𝜆1)
… … … (29) 
計算結果をまとめると表 7-3の通りである。 
  





表 7-3 労働、資本の消費財生産部門への配分比率比較 
 𝑠 𝜑 
現在値(2014) 0.6691 0.6271 
最適値 0.7810 0.9099 
出所：筆者作成 






7-4、図 7-4 はそれぞれ、2000 年から 2014 年まで韓国、日本、アメリカのそれぞれの資本
と労働の消費財生産部門への配分率である。 
















図 7-4 日本経済における労働と資本の消費財生産部門への配分率 
 
出所：筆者作成 






















































































一方、国内生産に占める最終消費の比率は 80 年代には 60％以上であったが、2003 年に




                                                     
























































図 8-1 1995～2016年における中国経済成長率の推移 
 
出所：International Monetary Fund, World Economic Outlook Database, October 2018
より筆者作成 
                                                     


























図 8-2 1995～2016年に国内総生産における中米日 3国の投資シェアの推移 
 













































































資本財生産部門と消費財生産部門との 2 部門にデータを分割する研究には大きく 2 つの
ものがある。第 1は、Kuga(1967)を先駆とし、高橋・増山・坂上(2002)、Takahashi, Masuyama 
and Sakagami(2012)等によるもので、Uzawa(1961)に始まる 2部門モデルの含意を測定する






















































,     𝑖, 𝑗 = 1, ⋯ , 𝑛 … … … (1) 
と定義し、非負かつ一定と仮定する。投入係数行列𝐴、消費ベクトル𝐶、投資ベクトル∆𝐾、
単位行列Iを用いると、総生産額列ベクトル𝑋は以下のように示すことができる。 





表 8-1 取引基本表 
 中間投入 国内最終需要 総生産 
産業１ 産業 2 ⋯ 産業 n 消費 投資 
産業 1 X11 X12 ⋯ X1n C1 ΔK1 X1 
産業 2 X21 X22 ⋯ X2n C2 ΔK2 X2 
⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ 
産業 n Xn1 Xn2 ⋯ Xnn Cn ΔKn Xn 
付加価値 V1 V2 ⋯ Vn 
総生産 X1 X2 ⋯ Xn 
出所：筆者作成 
𝑋についてまとめると 
𝑋 = (𝐼 − 𝐴)−1(𝐶 + ∆𝐾). . . . . . . . . (3) 
になる。 
 









𝑋𝑖𝑗,𝐶 = 𝜃𝑖𝑋𝑖 … … … (4) 
𝑋𝑖𝑗,∆𝐾 = (1 − 𝜃𝑖)𝑋𝑖 
𝑎𝑖𝑗,𝐶 = 𝜃𝑖
′. … … … (5) 





























) … … … (6) 
 
(
(1 − 𝜃1) ⋯ 0
⋮ ⋱ ⋮




























′ 𝑎𝑖1𝑋1 + ⋯ 𝜃𝑛
′ 𝑎𝑖𝑛𝑋𝑛) + 𝐶𝑖 = 𝜃𝑖𝑋𝑖             𝑖 = 1, ⋯ , 𝑛 … … … (7) 
 
((1 − 𝜃1
′)𝑎𝑖1𝑋1 + ⋯ (1 − 𝜃𝑛





















) ≡ 𝑋𝐶 = (𝐼 − 𝐴)






) ≡ 𝑋𝐼 = (𝐼 − 𝐴)























                                                     












) ≡ 𝑋𝐼 = (𝐼 − 𝐴)
−1(∆𝐾 + 𝐴𝑋𝐶) … … … (14) 
   𝑋 = 𝑋𝐶 + 𝑋𝐼なので、この方法の下では次の式が成立する。 
𝜃𝑖 =
𝐶𝑖
∑ (𝛼𝑖𝑗𝑋𝑗) + ∆𝐾𝑖𝑗=1,⋯,𝑛
     𝑖 = 1, ⋯ , 𝑛 … … … (15) 
すなわち、実際の計算では、各セクター𝑖の総生産𝑋𝑖を消費財生産部門の生産𝑋𝐶𝑖 = 𝐶𝑖と資






ている。Kuga(1967)と Fujimori(1992)により構築された 2 部門の産業連関表はそれぞれ表
8-2 と表 8-3 になる。いずれの表でも I は資本財生産部門、II は消費財生産部門を示す。
表 8-3の( )内はマルクス経済学での不変資本𝐶、可変資本𝑉、剰余価値𝑚を示している。 
表 8-2 Kuga(1967)が想定する産業連関表 
 中間投入 消費 投資 輸出 輸入 総生産 
I II 
I X11 X12 C1 I1 E1 -M1 X1 
II X21 X22 C2 I2 E2 -M2 X2 
雇用者所得 Wage1 Wage2 
営業余剰 R1 R2 
総生産 W1 W2 
出所：筆者作成  
  






表 8-3 Fujimori(1992)が想定する産業連関表 
 中間投入 消費 投資 輸出 輸入 総生産 
I II 
I X11(c1) X12(c2) 0 I E1 -M1 X1 
II 0 0 C 0 E2 -M2 X2 
雇用者所得 Wage1(v1) Wage2(v2) 
営業余剰 R1(m1) R2(m2) 
























表 8-4 非競争輸入型分析モデルの取引基本表 
  中間投入 国内最終需要 輸出 輸入 総生産 




産業 1 Xd11 Xd12 ⋯ Xd1n Cd1 ΔKd1 E1 - X1 
産業 2 Xd1 Xd22 ⋯ Xd2n Cd2 ΔKd2 E2 - X2 
⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ 




産業 1 Xm11 Xm12 ⋯ Xm1n Cm1 ΔKm1 - -M1 0 
産業 2 Xm21 Xm22 ⋯ Xm2n Cm2 ΔKm2 - -M2 0 
⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ 
産業 n Xmn1 Xmn2 ⋯ Xmnn Cmn ΔKmn - -Mn 0 
 付加価値 V1 V2 ⋯ Vn 





















𝐴𝑑𝑋 + 𝐶𝑑 + ∆𝐾𝑑 + 𝐸 = 𝑋 … … … (18) 
𝐴𝑚𝑋 + 𝐶𝑚 + ∆𝐾𝑚 = 𝑀 … … … (19) 
である。ここで(13)式応用すると、 
𝑋𝐶 = 𝐶
d … … … (20) 
𝑋𝐼 = (𝐼 − 𝐴
𝑑)−1(𝐴𝑑𝑋𝐶 + ∆𝐾






𝑚 … … … (22) 
𝑀𝐼 = (𝐼 − 𝐴
𝑚)−1(𝐴𝑚𝑀𝐶 + ∆𝐾







𝑑 + 𝐴𝑑𝑋𝑖 + ∆𝐾𝑖
𝑑 𝐸𝑖      𝑓𝑜𝑟 𝑖 = 1, ⋯ , 𝑛 … … … (24) 




生産部門、資本財生産部門に(𝐸 − 𝑀)𝐶、(𝐸 − 𝑀)𝐼 に分割されるとすると、産業連関表から
次の関係が成立する。 
𝑋𝐶 = 𝐶 + (𝐸 − 𝑀)𝐶 … … … (26) 
𝑋𝐼 = (𝐼 − 𝐴)














 産業連関表データの整備は近年になって目覚ましいものがある。中でも World 
Input-Output Database (WIOD) では中国を含む主要 43 カ国の産業連関表データを相互に
比較できる形で整備している。このデータベースの中には 
 a：The WIOD Socio-economic Accounts(SEA)(2000 年～2014 年、56 産業セクター、43 か
国) 
                                                     
65 定義から 
𝐶 = 𝐶𝑑 + 𝐶𝑚 
∆𝐾 = ∆𝐾𝑑 + ∆𝐾𝑚 
なので、 




𝑑 = (1 − 𝑚𝑖𝑗)𝛼𝑖𝑗 ,    𝑖, 𝑗 = 1, ⋯ , 𝑛 
𝛼𝑖𝑗
𝑚 = 𝑚𝑖𝑗𝛼𝑖𝑗 ,    𝑖, 𝑗 = 1, ⋯ , 𝑛 
と仮定すると成立する。(29)式はさらに𝑚𝑖𝑗 = 𝑚  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖, 𝑗と仮定することで成立する。 
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b: National Input-Output Tables(NIOT)(2000年～2014年、56産業セクター) 
の 2 つがある。本章ではこの 2 つを利用しながら産業連関表データを 2 部門に分割する。
中国以外にもインド、日本、米国の 3 か国のデータも同様の方法で加工し、それぞれの国




③ 対象国間のデータを比較するため、Penn World Table の物価指数データを用いて、貨
幣単位を米ドルでの実質表示に統一する 
④ NIOTデータから投入係数𝐴𝑖𝑗を計算する。また、レオンチェフ逆行列である (𝐼 − 𝐴)
−1も
計算しておく。 
⑤  Fujimori(1992)、Kuga(1967)それぞれの手法で 2部門データを作成する。 
⑥  セクターの比較をさらに明確するために、表 8-5に基づき、56セクターのデータを    
さらに 18セクターに集計する 
表 8-5 セクター分類 
1 農林水産業 ・Crop and animal production, hunting and related service activities 
・Forestry and logging 
・Fishing and aquaculture 
2 鉱業 ・Mining and quarrying 
3 製造業 1 ・Manufacture of food products, beverages and tobacco products 
・Manufacture of textiles, wearing apparel and leather products 
4 製造業 2 ・Manufacture of wood and of products of wood and cork, except 
furniture; manufacture of articles of straw and plaiting materials 
・Manufacture of paper and paper products 
・Printing and reproduction of recorded media 
5 製造業 3 ・Manufacture of coke and refined petroleum products  
・Manufacture of chemicals and chemical products  
・Manufacture of basic pharmaceutical products and pharmaceutical 
preparations 
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・Manufacture of rubber and plastic products 
・Manufacture of other non-metallic mineral products 
・Manufacture of basic metals 
・Manufacture of fabricated metal products, except machinery and 
equipment 
6 製造業 4 ・Manufacture of computer, electronic and optical products 
・Manufacture of electrical equipment 
7 製造業 5 ・Manufacture of machinery and equipment N.E.C. 
・Manufacture of motor vehicles, trailers and semi-trailers 
・Manufacture of other transport equipment 
・Manufacture of furniture; other manufacturing 
8 電気・ガス ・Electricity, gas, steam and air conditioning supply 
9 水道 ・Water collection, treatment and supply 
・ Sewerage; waste collection, treatment and disposal activities; 
materials recovery; remediation activities and other waste 
management services  
10 建設 ・Construction 
11 卸売 ・ Wholesale and retail trade and repair of motor vehicles and 
motorcycles 
・Wholesale trade, except of motor vehicles and motorcycles 
12 交通 ・Land transport and transport via pipelines 
・Water transport 
・Air transport 
・Warehousing and support activities for transportation 
・Postal and courier activities 
13 住宅 ・Accommodation and food service activities 
14 通信 ・Telecommunications 
15 金融・保険 ・ Computer programming, consultancy and related activities; 
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information service activities 
・Insurance, reinsurance and pension funding, except compulsory social 
security 
16 不動産 ・Real estate activities 
17 サービス ・ Legal and accounting activities; activities of head offices; 
management consultancy activities 
・Architectural and engineering activities; technical testing and analysis 
・Scientific research and development 
・Advertising and market research 
・Other professional, scientific and technical activities; veterinary 
activities 
・Administrative and support service activities 
・Public administration and defense; compulsory social security 
・Education 
18 サービス ・Human health and social work activities 





 図 8-3 は中国(CHN)、インド(IND)、日本(JPN)、米国(USA)について総生産を資本財生産
部門𝑋𝐼 、消費財生産部門𝑋𝐶に分割し、時系列データにしたものである。図 8-3 の上は
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= 𝑛 ≥ 0で成長するものとする。初期時点
における個人の数を𝐿0とすると、𝑡期における人口𝐿𝑡は、 
𝐿𝑡 = 𝐿0𝑒





𝛽, (𝛼 + 𝛽 = 1) ⋯ ⋯ ⋯ (2) 
資本財生産部門： 
𝐼𝑡 = 𝐵(1 − 𝑠𝑡)𝐿𝑡 ⋯ ⋯ ⋯ (3) 
資本蓄積方程式： 
?̇?𝑡 = 𝐵(1 − 𝑠𝑡)𝐿𝑡 − 𝛿𝐾𝑡 ⋯ ⋯ ⋯ (4) 
さらに、(2)と(4)の両辺を𝐿𝑡で割り、時間変数の𝑡を省略すると、 
消費財生産部門、 
𝑦 = 𝐴(𝑘)𝛼(𝑠)𝛽     (𝑦 ≡  
𝑌
𝐿
 , 𝑘 ≡
𝐾
𝐿
) ⋯ ⋯ ⋯ (5) 
資本蓄積方程式、 
?̇? = 𝐵(1 − 𝑠) − 𝛿𝑘 − 𝑛𝑘 ⋯ ⋯ ⋯ (6) 
となり、１人当たりの生産量𝑦と資本𝑘によって生産関数を表せる。 
こうして、マルクス派最適成長モデルの基本構造は以下のように書き換えられる。 
   max 𝑢 = ∫ 𝑒−𝜌𝑡
∞
0
log 𝑦 𝑑𝑡 
 s. t.          
𝑦 = 𝐴𝑘𝛼𝑠𝛽 
                       ?̇? = 𝐵(1 − 𝑠) − 𝛿𝑘 − 𝑛𝑘 
given 𝑘0         
                           lim
𝑡→∞
𝑒−𝜌𝑡 𝜇𝑘 = 0 ⋯ ⋯ ⋯ (7) 
代表的個人の効用の最大化問題を解くための経常価値ハミルトニアンは以下のようにな
る。すなわち、 



















) ⋯ ⋯ ⋯ (9) 
𝜕𝐻𝑐
𝜕𝑘


















⇒ ?̇? = {(
𝛼𝐵
𝑘𝛽
) 𝑠 − (𝜌 + 𝑛 + 𝛿)} 𝑠 ⋯ ⋯ ⋯ (12) 
を得る。(11)、(12)式よりモデルの均衡解は、 
?̇? = 0 
⇒ 𝑠 =
(𝜌 + 𝑛 + 𝛿)𝑘𝛽
𝛼𝐵
⋯ ⋯ ⋯ (13) 








(𝜌 + 𝑛 + 𝛿)𝛽
𝛼(𝑛 + 𝛿) + (𝜌 + 𝑛 + 𝛿)𝛽
⋯ ⋯ ⋯ (15) 
𝑘∗ =
𝐵𝛼
𝛼(𝑛 + 𝛿) + (𝜌 + 𝑛 + 𝛿)𝛽
 ⋯ ⋯ ⋯ (16) 
を得る。 
以下は、Time-Elimination Methodの方法を用いて数値解を求める計算方法を示す。 
















(𝑡) − (𝜌 + 𝑛 + 𝛿)}
𝐵(1 − 𝑠(𝑡)) − 𝛿𝑘(𝑡) − 𝑛𝑘(𝑡)
⋯ ⋯ ⋯ (18)  
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− (𝜌 + 𝑛 + 𝛿)] + 𝑠∗ [
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−(𝑛 + 𝛿 +
𝐵𝛼𝑠∗
(1 − 𝛼)𝑘∗




















(𝑡) − (𝜌 + 𝑛 + 𝛿)
𝐵(1 − 𝑠(𝑡)) − 𝛿𝑘(𝑡) − 𝑛𝑘(𝑡)
, (𝑘 ≠ 𝑘∗) 
𝑠′(𝑘∗) =
−(𝑛 + 𝛿 +
𝐵𝛼𝑠∗
(1 − 𝛼)𝑘∗









 , (𝑘 = 𝑘∗) ⋯ (22) 










𝑘𝛽] 𝑠(𝑡) − (𝜌 + 𝑛 + 𝛿)}
𝐵(1 − 𝑠(𝑡)) − 𝛿𝑘(𝑡) − 𝑛𝑘(𝑡)




−(𝜌 + 2𝛿 + 2𝑛) + √(𝜌 + 2𝛿 + 2𝑛)2 +
4(𝜌 + 2𝛿 + 2𝑛)2(1 − 𝛼)
𝛼
2𝐵
, (𝑘 = 𝑘∗) ⋯ (23) 

















= 𝜀 ⇒ 𝐵[0] = 𝐴[0]𝜀 ⋯ ⋯ ⋯ (25) 
2部門における技術進歩率は 
𝐵𝑡 = 𝐴[0]𝜀𝑒
𝜆𝑡 = 𝜀𝐴𝑡 ⋯ ⋯ ⋯ (26) 
となる。 
すると、モデルの全体構造は以下のようになる。 
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∧
•
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= 0 ⋯ ⋯ ⋯ (28) 
となるから、効用が発散してしまう問題を回避できる。 
経常価値ハミルトニアン𝐻𝑐は以下のようになる。 
𝐻𝑐 = 𝑙𝑜𝑔 𝐴 [0]𝑒𝜆𝑡𝑦
∧





𝐻𝑐 = 𝑙𝑜𝑔 𝐴 [0] + 𝜆𝑡 + 𝛼 𝑙𝑜𝑔 𝑘
∧
+ 𝛽 𝑙𝑜𝑔 𝑠 + 𝜇[((𝜀(1 − 𝑠) − (𝑛 + 𝛿 + 𝜆)𝑘
∧
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−(𝜌 + 2𝛿 + 2𝑛) + √(𝜌 + 2𝛿 + 2𝑛 + 2𝜆)2 +
4(𝜌 + 2𝛿 + 2𝑛+2𝜆)2(1 − 𝛼)
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𝐼 = 𝐵[(1 − 𝜑)𝐾]𝛼1[(1 − 𝑠)𝐿]𝛽1 ⋯ ⋯ ⋯ (1) 
𝑌 = 𝐴(𝜑𝐾)𝛼2(𝑠𝐿)𝛽2 ⋯ ⋯ ⋯ (2) 
𝐾
•
= 𝐼 − 𝛿𝐾 ⋯ ⋯ ⋯ (3) 
大西・金江(2015)と同様、通時的効用を(1)、(2)式の二本の生産関数を制約条件として、
通時的効用の最大化問題を定式化すると、 
max 𝑈 = ∫ 𝑒−𝜌𝑡
∞
0
𝑙𝑜𝑔 𝑌 𝑑𝑡 
s. t.                                       . 
𝑌 = 𝐴(𝜑𝐾)𝛼2(𝑠𝐿)𝛽2 
?̇? = 𝐵[(1 − 𝜑)𝐾]𝛼1[(1 − 𝑠)𝐿]𝛽1 − 𝛿𝐾 
given     𝐾(0) ⋯ ⋯ ⋯ (4) 
となる。 
経常価値ハミルトニアンは、 
𝐻𝑐 ≡ 𝑙𝑜𝑔 𝑌 + 𝜇?̇? 
𝐻𝑐 ≡ 𝑙𝑜𝑔 𝐴 + 𝛽2 𝑙𝑜𝑔 𝑠 + 𝛽2 𝑙𝑜𝑔 𝐿 + 𝛼2 𝑙𝑜𝑔 𝐾 + 𝛼2 𝑙𝑜𝑔 𝜑 + 𝜇𝐵[(1 − 𝑠)𝐿]
𝛽1[(1 − 𝜑)𝐾]𝛼1






⇒   
𝛽2
𝑠
= [(1 − 𝜑)𝐾]𝛼1𝜇𝐵𝛽1𝐿







= 𝜇𝐵[(1 − 𝑠)𝐿]𝛽1𝛼1𝐾
𝛼1(1 − 𝜑)𝛼1−1 ⋯ ⋯ ⋯ (7) 
𝜕𝐻
𝜕𝐾
= 𝜌𝜇 − ?̇? 
⇒   
𝛼2
𝐾
− 𝜇𝛿 + 𝜇𝐵[(1 − 𝑠)𝐿]𝛽1(1 − 𝜑)𝛼1𝛼1(𝐾)











− 𝜇𝜎 + 𝛼1𝜇𝐵[(1 − 𝑠)𝐿]







= 𝜌𝜇 − ?̇? 


















⇒    𝜇 =
𝛽2(1 − 𝑠)
𝑠(?̇? + 𝛿𝐾)𝛽1








⇒      𝜇 =
𝛼2(1 − 𝜑)
𝜑(?̇? + 𝛿𝐾)𝛼1





























= [(1 − 𝜑)𝐾]𝛼1𝜇𝐵𝛽1𝐿
𝛽1(1 − 𝑠)𝛽1−1 ⋯ ⋯ ⋯ (6) 
⇒   −
𝛽2
𝑠2
?̇? = −?̇?𝛼1[(1 − 𝜑)]
𝛼1−1𝐾𝛼1𝜇𝐵𝛽1𝐿
𝛽1(1 − 𝑠)𝛽1−1
+ ?̇?𝛼1[(1 − 𝜑)]
𝛼1𝐾𝛼1−1𝜇𝐵𝐿𝛽1𝛽1(1 − 𝑠)
𝛽1−1
− ?̇?[(1 − 𝜑)]𝛼1−1𝐾𝛼1𝜇𝐵𝐿𝛽1𝛽1(𝛽1 − 1)(1 − 𝑠)
𝛽1−2   
+ ?̇?[(1 − 𝜑)]𝛼1𝐾𝛼1𝐵𝐿𝛽1𝛽1(1 − 𝑠)
𝛽1−1                      
























































𝐾 + 𝛿) 𝛽1










) + 𝜌 + 𝛽1𝜎 −
𝛼2𝑠 (
?̇?
𝐾 + 𝛿) 𝛽1
𝛽2(1 − 𝑠)













) + 𝜌 + 𝛽1𝜎 −
𝛼2𝑠 (
?̇?
𝐾 + 𝛿) 𝛽1
𝛽2(1 − 𝑠)









































= 𝜇𝐵𝐿𝛽1[(1 − 𝑠)]𝛽1𝛼1𝐾




?̇? = 𝛼1?̇?[(1 − 𝜑)]
𝛼1𝐾𝛼1𝐵𝐿𝛽1(1 − 𝑠)𝛽1−1 − 𝜑(̇ 𝛼1 − 1)𝛼1[(1 − 𝜑)]
𝛼1−2𝐾𝛼1𝜇𝐵𝐿𝛽1(1 − 𝑠)𝛽1
+ ?̇?𝛼1
2[(1 − 𝜑)]𝛼1−1𝐾𝛼1−1𝜇𝐵𝐿𝛽1(1 − 𝑠)𝛽1



























































𝐾 + 𝛿) 𝛼1








= 𝜌 + 𝛽1𝜎 −
𝜑 (
?̇?



















] = 𝜌 + 𝛽1𝜎 −
𝜑 (
?̇?
𝐾 + 𝛿) 𝛼1
𝛼2(1 − 𝜑)














] = 𝜌 + 𝛽1𝜎 +






⋯ ⋯ ⋯ (28) 
 
?̇? =















⋯ ⋯ ⋯ (29) 
と整理される。 
さらに、定常状態においては?̇? = 0、?̇? = 0、?̇? = 0であるために、定常状態における総労
働力の部門間配分比率、総資本の部門間配分比率、最適資本労働比率は以下のように計算
できる。 
まず、?̇? = 0で資本蓄積方程式は、 
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?̇? = 𝐵[(1 − 𝜑)𝐾)]𝛼1[(1 − 𝑠)𝐿]𝛽1 − 𝛿𝐾 






𝐵(1 − 𝜑)𝛼1(1 − 𝑠)𝛽1


























)𝛼1−1] = 0 ⋯ ⋯ ⋯ (31) 
となる。 
(30)式を(31)式に代入すれば、 





𝐵(1 − 𝜑)𝛼1(1 − 𝑠)𝛽1
] ⋯ ⋯ ⋯ (32) 
𝜑∗ =
(1 − 𝛼1)𝛿 + 𝜌
𝛿 + 𝜌
⋯ ⋯ ⋯ (33) 
1 − 𝜑∗ = 1 −
(1 − 𝛼1)𝛿 + 𝜌









































)𝛼1−1 = 0 ⋯ ⋯ ⋯ (36) 
となり、(30)式を(36)式代入すれば、 








𝐵(1 − 𝜑)𝛼1(1 − 𝑠)𝛽1
] 
⇒  𝑠∗ =
[(1 − 𝛼1)𝛿 + 𝜌]𝛽2
[(1 − 𝛼1)𝛿 + 𝜌]𝛽2 + 𝛼2𝛽1𝛿
⋯ ⋯ ⋯ (37) 
⇒  1 − 𝑠∗ =
𝛼2𝛽1𝛿
[(1 − 𝛼1)𝛿 + 𝜌]𝛽2 + 𝛼2𝛽1𝛿




















[(1 − 𝛼1)𝛿 + 𝜌]𝛽2 + 𝛼2𝛽1𝛿
]𝛽1
 
















⇒   (
𝐾
𝐿

















第 6章  
ここで、第 4章と同じく人口成長率を、 
𝐿 = 𝐿0𝑒




𝐼 = 𝐵[(1 − 𝜑)𝐾]𝛼1[(1 − 𝑠)𝐿]𝛽1 ⋯ ⋯ ⋯ (2) 
𝑌 = 𝐴(𝜑𝐾)𝛼2(𝑠𝐿)𝛽2 ⋯ ⋯ ⋯ (3) 
?̇? = 𝐼 − 𝛿𝐾 ⋯ ⋯ ⋯ (4) 
1人あたりの生産関数に書き換えると、 
𝑌 = 𝐴(𝜑𝐾)𝛼2(𝑠𝐿)𝛽2 ⋯ ⋯ ⋯ (3) 
⇒       
𝑌
𝐿






⇒      𝑦 = 𝐴(𝜑𝑘)𝛼2𝑠𝛽2 ⋯ ⋯ ⋯ (5) 
 










⇒ 𝑖 = 𝐵[(1 − 𝜑)𝑘]𝛼1(1 − 𝑠)𝛽1 ⋯ ⋯ ⋯ (6) 
 
?̇? = 𝐼 − 𝛿𝐾 ⋯ ⋯ ⋯ (4) 
⇒ ?̇? = 𝑖 − 𝛿𝑘 − 𝑛𝑘 ⋯ ⋯ ⋯ (7) 
 
max 𝑈 = ∫ 𝑒−𝜌𝑡
∞
0
𝑙𝑜𝑔 𝑌 𝑑𝑡 ⋯ ⋯ ⋯ (8) 
𝑙𝑜𝑔 𝑌 = 𝐿 𝑙𝑜𝑔 𝑦 = 𝐿0𝑒















s. t.             
𝑦 = 𝐴(𝜑𝑘)𝛼2(𝑠)𝛽2 
?̇? = 𝑖 − 𝛿𝑘 − 𝑛𝑘 
     𝑖 = 𝐵[(1 − 𝜑)𝑘]𝛼1[(1 − 𝑠)]𝛽1 
0 ≤ 𝑠 ≤ 1    
0 ≤ 𝜑 ≤ 1    
   given 𝑘(0) ⋯ ⋯ ⋯ (10) 
この問題を解くうえでの経常価値ハミルトニアンは、 
𝐻𝑐 ≡ 𝑙𝑜𝑔 𝑦 + 𝜇?̇? ⋯ ⋯ ⋯ (11) 
𝐻𝑐 ≡ 𝑙𝑜𝑔 𝐴 + 𝛽2 𝑙𝑜𝑔 𝑠 + 𝛼2 𝑙𝑜𝑔 𝑘 + 𝛼2 𝑙𝑜𝑔 𝜑 + 𝜇𝐵(1 − 𝑠)





⇒   
𝛽2
𝑠
= [(1 − 𝜑)𝑘]𝛼1𝜇𝐵𝛽1(1 − 𝑠)







= 𝜇𝐵[(1 − 𝑠)]𝛽1𝛼1𝑘
𝛼1(1 − 𝜑)𝛼1−1 ⋯ ⋯ ⋯ (13)  
𝜕𝐻𝑐
𝜕𝑘




− 𝜇𝛿 − 𝜇𝑛 + 𝜇𝐵(1 − 𝑠)𝛽1(1 − 𝜑)𝛼1𝛼1(𝑘)








− 𝜇𝜎 − 𝜇𝑛 + 𝛼1𝜇𝐵(1 − 𝑠)
𝛽1(1 − 𝜑)𝛼1𝑘𝛼1−1 = 𝜌𝜇 − ?̇? ⋯ ⋯ ⋯ (16) 
(16)式に(15)式を代入すると、 
−𝜇𝛽1𝜎 − 𝜇𝛽1𝑛 +
𝛼1𝜇?̇?
𝑘
= 𝜌𝜇 − ?̇? 
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(?̇? + 𝛿𝑘 + 𝑛𝑘)𝛽1
(1 − 𝑠)
] 
⇒   𝜇 =
𝛽2(1 − 𝑠)
𝑠(?̇? + 𝛿𝑘 + 𝑛𝑘)𝛽1





(?̇? + 𝛿𝑘 + 𝑛𝑘)𝛼1
(1 − 𝜑)
] 
⇒  𝜇 =
𝛼2(1 − 𝜑)
𝜑(?̇? + 𝛿𝑘 + 𝑛𝑘)𝛼1
⋯ ⋯ ⋯ (19) 
(18)(19)式は等しいため、 
𝛼2(1 − 𝜑)
𝜑(?̇? + 𝛿𝑘 + 𝑛𝑘)𝛼1
=
𝛽2(1 − 𝑠)
























= [(1 − 𝜑)𝑘]𝛼1𝜇𝐵𝛽1(1 − 𝑠)




?̇? = −?̇?𝛼1[(1 − 𝜑)]
𝛼1−1𝑘𝛼1𝜇𝐵𝛽1(1 − 𝑠)
𝛽1−1 + ?̇?𝛼1[(1 − 𝜑)]
𝛼1𝑘𝛼1−1𝜇𝐵𝛽1(1 − 𝑠)
𝛽1−1
− ?̇?[(1 − 𝜑)]𝛼1−1𝑘𝛼1𝜇𝐵𝛽1(𝛽1 − 1)(1 − 𝑠)
𝛽1−2




















































⋯ ⋯ ⋯ (24) 
と計算でき、さらに、(12)、(15)式により、 




𝑘 + 𝛿 + 𝑛) 𝛽1











) + 𝜌 + 𝛽1𝜎 + 𝛽1𝑛 −
𝛼2𝑠 (
?̇?
𝑘 + 𝛿 + 𝑛) 𝛽1
𝛽2(1 − 𝑠)









) + 𝜌 + 𝛽1𝜎 + 𝛽1𝑛 −
𝛼2𝑠 (
?̇?
𝑘 + 𝛿 + 𝑛) 𝛽1
𝛽2(1 − 𝑠)





















⇒  ?̇? =




















= 𝜇𝐵[(1 − 𝑠)]𝛽1𝛼1𝑘




?̇? = 𝛼1?̇?[(1 − 𝜑)]
𝛼1𝑘𝛼1𝐵(1 − 𝑠)𝛽1−1 − 𝜑(̇ 𝛼1 − 1)𝛼1[(1 − 𝜑)]
𝛼1−2𝑘𝛼1𝜇𝐵(1 − 𝑠)𝛽1
+ ?̇?𝛼1




















































⋯ ⋯ ⋯ (32) 
(19)式により、 




𝑘 + 𝛿 + 𝑛) 𝛼1








= 𝜌 + 𝛽1𝜎 + 𝛽1𝑛 −
𝜑 (
?̇?














] = 𝜌 + 𝛽1𝜎 + 𝛽1𝑛 −
𝜑(
?̇?
𝑘 + 𝛿 + 𝑛)𝛼1
𝛼2(1 − 𝜑)


















⇒  ?̇? =












⋯ ⋯ ⋯ (36) 
と整理される。 
さらに、定常状態においては?̇? = 0、?̇? = 0、?̇? = 0であるために、定常状態における総労
働力の部門間配分比率、総資本の部門間配分比率、最適資本労働比率は以下のように計算
できる。 
𝐵[(1 − 𝜑)𝑘]𝛼1[(1 − 𝑠)]𝛽1 − 𝛿𝑘 − 𝑛𝑘 = ?̇? = 0 
⇒  𝑘𝛼1−1 =
𝛿 + 𝑛
𝐵(1 − 𝜑)𝛼1(1 − 𝑠)𝛽1
























𝑘𝛼1−1 = 0 





𝑘𝛼1−1 ⋯ ⋯ ⋯ (38) 
である。(37)式を(38)式に代入すると、 




𝛽1 𝛿 + 𝑛
𝐵(1 − φ)𝛼1[(1 − 𝑠)]𝛽1
⋯ ⋯ ⋯ (39) 
𝜌 + 𝛽1𝜎 + 𝛽1𝑛 =
𝛼1𝜑𝐵(𝛿 + 𝑛)
𝐵(1 − 𝜑)
⋯ ⋯ ⋯ (40) 
⇒  
𝛼1(𝛿 + 𝑛)




⋯ ⋯ ⋯ (41) 
従って、定常状態における総資本の部門間配分比率は、 
𝜑∗ =
𝜌 + 𝛽1𝜎 + 𝛽1𝑛
𝜌 + 𝜎 + 𝑛
⋯ ⋯ ⋯ (42) 
1 − 𝜑∗ =
𝛼1(𝛿 + 𝑛)
𝜌 + 𝜎 + 𝑛
⋯ ⋯ ⋯ (43) 
となる。一方、定常状態における総労働の両部門間の配分比率の変化率もゼロで、 
?̇? =






















)𝛼1𝑘𝛼1−1 = 0 ⋯ ⋯ ⋯ (44) 
である。同様に、 (37)式を代入すれば、 







𝛼1 𝛿 + 𝑛
𝐵(1 − φ)𝛼1[(1 − 𝑠)]𝛽1
⋯ ⋯ ⋯ (45) 
𝜌 + 𝛽1𝜎 + 𝛽1𝑛 =
𝛽1𝛼2(𝛿 + 𝑛)𝑠
𝛽2(1 − 𝑠)
⋯ ⋯ ⋯ (46) 
⇒  









(𝜌 + 𝛽1𝜎 + 𝛽1𝑛)𝛽2
𝛽2𝜌 + 𝛽1(𝜎 + 𝑛)
⋯ ⋯ ⋯ (48) 
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1 − 𝑠∗ =
𝛽1𝛼2(𝛿 + 𝑛)
𝛽2𝜌 + 𝛽1(𝜎 + 𝑛)














⇒    𝑘∗ = [𝐵 (
𝛼1


















𝐼𝑡 = 𝐴𝑡[(1 − 𝜑𝑡)𝐾𝑡]
𝛼1[(1 − 𝑠𝑡)𝐿𝑡]
𝛽1 ⋯ ⋯ ⋯ (1) 
𝑌𝑡 = 𝐵𝑡[𝜑𝑡𝐾𝑡]
𝛼2[𝑠𝑡𝐿𝑡]
𝛽2 ⋯ ⋯ ⋯ (2) 















𝜆1𝑡 ⋯ ⋯ ⋯ (6) 
𝐵𝑡 = 𝐵[0]𝑒





= 𝜀 ⇒ 𝐵[0] = 𝐴[0]𝜀 ⋯ ⋯ ⋯ (8) 
すると、両部門における技術進歩率は以下のような関係を満たす。すなわち、 
𝐵𝑡 = 𝜀𝐴𝑡𝑒




















































𝛽2                   
           𝑖
∧


















given   𝑘
∧
(0)                          
0 ≤ 𝜑𝑡 ≤ 1                          
0 ≤ 𝑠𝑡 ≤ 1                           




𝑡 = 0               ⋯ ⋯ ⋯ (13) 
経常価値ハミルトニアン𝐻𝑐は以下の通りになる。 
𝐻𝑐 ≡ 𝑙𝑜𝑔 𝐴 [0]𝑒𝜆1𝑡𝑦𝑡
∧




(𝜆2−𝜆1)𝑡]𝛽1 − (𝑛 + 𝛿 + λ1)𝑘
∧
𝑡} ⋯ ⋯ ⋯ (14) 
𝐻𝑐 ≡ 𝑙𝑜𝑔 𝐴 [0] + 𝜆1 + 𝛼2log𝑘
∧
+ 𝛼2logφ + 𝛽2 𝑙𝑜𝑔 𝑠 + 𝜇{[(1 − 𝜑)𝑘
∧
]𝛼1[(1 − 𝑠)𝜀𝑒(𝜆2−𝜆1)]𝛽1 − (𝑛









= [𝜀𝑒(𝜆2−𝜆1)𝑡]𝛽1[(1 − 𝜑)𝑘
∧
]𝛼1𝜇𝛽1(1 − 𝑠)







= 𝜇[𝜀𝑒(𝜆2−𝜆1)𝑡(1 − 𝑠)]𝛽1𝛼1𝑘
∧
𝛼1(1 − 𝜑)𝛼1−1 ⋯ ⋯ ⋯ (16) 
𝜕𝐻𝑐
𝜕𝑘






∧ − 𝜇𝛿 − 𝜇𝑛 + 𝜇[𝜀𝑒
(𝜆2−𝜆1)𝑡(1 − 𝑠)]𝛽1(1 − 𝜙)𝛼1𝛼1(𝑘
∧







⇒  [(1 − 𝜑)𝑘
∧




















































































= [𝜀𝑒(𝜆2−𝜆1)]𝛽1[(1 − 𝜑)𝑘
∧
]𝛼1𝜇𝛽1(1 − 𝑠)




































































































































⟹      [(1 − 𝜑)𝑘
∧






(𝑛 + 𝛿 + λ1)
[(1 − 𝜑)]𝛼1[(1 − 𝑠)𝜀𝑒(𝜆2−𝜆1)]𝛽1





















]𝛽1[𝜀𝑒(𝜆2−𝜆1)]𝛽1𝛼1φ ⋯ ⋯ ⋯ (32) 
が得られる。 
(30)式を(31)式に代入すると、 
𝜌 + 𝛽1(𝑛 + 𝛿 + 𝜆2) =
𝑛 + 𝛿 + λ1











[𝜌 + 𝛽1(𝑛 + 𝛿 + 𝜆2)]𝛽2
𝛼2𝛽1(𝑛 + 𝛿 + λ1)
 
𝑠∗ =
[𝜌 + 𝛽1(𝑛 + 𝛿 + 𝜆2)]𝛽2
𝛼2𝛽1(𝑛 + 𝛿 + λ1) + [𝜌 + 𝛽1(𝑛 + 𝛿 + 𝜆2)]𝛽2
⋯ ⋯ ⋯ (33) 
1 − 𝑠∗ =
𝛼2𝛽1(𝑛 + 𝛿 + λ1)
𝛼2𝛽1(𝑛 + 𝛿 + λ1) + [𝜌 + 𝛽1(𝑛 + 𝛿 + 𝜆2)]𝛽2





𝜌 + 𝛽1(𝑛 + 𝛿 + 𝜆2) =
(𝑛 + 𝛿 + λ1)







𝜌 + 𝛽1(𝑛 + 𝛿 + 𝜆2) =




𝜌 + 𝛽1(𝑛 + 𝛿 + 𝜆2)
𝛼1(𝑛 + 𝛿 + λ1) + 𝜌 + 𝛽1(𝑛 + 𝛿 + 𝜆2)
⋯ ⋯ ⋯ (35) 
1 − 𝜑∗ =
𝛼1(𝑛 + 𝛿 + λ1)
𝛼1(𝑛 + 𝛿 + λ1) + 𝜌 + 𝛽1(𝑛 + 𝛿 + 𝜆2)






(𝑛 + 𝛿 + λ1)
[
𝛼1(𝑛 + 𝛿 + λ1)
𝛼1(𝑛 + 𝛿 + λ1) + 𝜌 + 𝛽1(𝑛 + 𝛿 + 𝜆2)
]𝛼1[
𝛼2𝛽1(𝑛 + 𝛿 + 𝜆1)























⋯ ⋯ ⋯ (37) 
が得られる。 
 
以上 
